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NOTATION 
A == constant 
A == cross-sectional area of member 
dP L = incremental member load at point l 
dQ 
dR 
dr 
E 
E 
G 
H 
h 
hi 
I 
Y 
I 
z 
J 
= vector defined by Eq, 0,52) 
== member force increment vector 
== incremental fixed end force vecto at B for member AS 
normal ized member force increment vector 
= incremental cantilever deflection at S for member AB 
= incremental distortion of member AS, referred to B 
== plastic distortion increment vector 
== incremental elastic distortion of member AS, referred to B 
== incremental distortion at B for member AB due to plastic 
distortion of yield hinges on member 
= modulus of elasticity 
== matrix defined Eqo (3,22) 
== flexibil ity matrix at B for member AS 
shea 1 ng modul 
mat r i x defined by Eq, (3, 12) 
== vector defined by Eq, (3,35) 
= projection of normal ized force increment vector onto yie d 
surface normal vector in dimensionless force space 
== projection of force increment vector onto yield surface 
normal vector in dimensionless force space 
= moment of inertia of cross-section with respect to y-axis 
== moment of inertia of cross-section w th respect to z-ax s 
= torsional constant for cross-section 
vi 
L 
M· 
M yp 
M 
zp 
M y 
M 
z 
N 
N 
p 
p 
vi i 
::: stiffness matrix at S for continuous elastic member AS 
::: modified stiffness matrix at S for member AS containing 
force releases and/or plastic hinges 
::: length of member 
::: load factor 
::: vector of scalar flow constants ~ for al I plastic hinges 
and/or force releases on member 
::: 
::: 
::: 
::: 
::: 
::: 
plastic flow constant referred to normal ized force space 
plastic flow constant for yield hinge, or conversion factor 
for force release, referred to dimensional force space 
full y plastic moment wi th respect to y-axis of cross-section 
ful] y plastic moment wi th respec t to z-axis of cross-section 
moment wi th respect to y-axis of cross-section 
moment wi th respec t to z-axis of cross-section 
yield surface normal vector in dimensionless force space 
yield surface normal vector in dimensional force space 
axial force 
::: normal ized axial force 
::: fully plastic axial force for cross-section 
::: member load vector at L 
::: vector defined by Eq, (3.20) 
R ::: member force vector 
F RSA ::: fixed end force vector at S for member AS 
r ::: normal ized member force vector 
° = magnitude of normal stress 
00 yield stress magnitude 
T ::: magnitude of shear stress 
TO shearing yield stress magnitude 
T 
t 
u BA 
UBA 
VBA 
VE SA 
R VSA 
vi i i 
= torsional moment 
normal ized torsional moment 
= fully plastic torsiona moment for cross-section 
= transformation matr x which translates force from A to B 
displacement at S on member AS 
= cantilever deflection at S for member AS 
= distortion of member AS referred to S 
= elastic distortion of member AS refe red to B 
distortion of member AB referred to B, corresponding to 
relative displacements at releases on member 
Superscript t denotes transposition 
CHAPTER 1 
INTRODUCTION 
1, I Object of Study 
The conventional I imit analysis procedures discussed in text-
b k (1,20,26,30),', d . '1 'h h d" f h 00 s ' are concerne prlmarl y Wit t e pre Ictlon 0 t e 
u ] tim ate s t r eng tho f a s t r uc t u r e . A p p 1 I cat ion s are u sua I 1 y con fin edt 0 
planar structures In which flexural moment is the predominant member force 
component. The effects of other components, such as axial and shear 
forces, are generally accounted for by appropriately reducing the flexural 
capacity of the members, In general, a trial and error procedure is used 
to determine the arrangement of plastic hinges in the structure at the 
ultimate load. The deformations of the structure are obtained from 
auxil iary calculations, and are usually only estimated, or calculated by 
approximate procedures. 
With the advent of more complex structures and higher strength 
materials, structural deformation has assumed greater importance as a 
criterion of acceptable structural behavior. It has thus become increa~ing)y 
important to trace the load-displacement characteristics of a structure as 
it is loaded thtough the working range and up to its ultimate load. In 
addition, the availability of electronic computers penn tsthe use of more 
real istic, even though more compl icated, mathematical models in structural 
analysis, It is now feasible ,to analyze three-dimensional space structures 
taking into account the interaction of the various member force components. 
'''/b 
Numbe rs in pa ren these's refe r to en t r i es in st ofReferences~ 
While most framed structures can reasonably be assumed to behave 
1 inearly in the elastic range, thei r load~deflection characteristics 
become markedly non-l inear with the initiation of unrestricted plastic 
flow at one or more cross-sections. Because of the complexity of the 
analysis of a yielding structure, approximate iterative analysis procedures 
h b d 1 d (4,22,23,33) ave een eve ope 0 Such procedures involve repeated cycles 
of load appl ication, 1 inear analysis, and modification of the member load= 
deflection characteristics. 
The object of this study is to present a convenient,general pro~ 
cedure for tracing the load-displacement behavior of frameworks loaded 
beyond the elastic range up to the ultimate load. As in the studies cited 
above, an incremental analysis procedure 1s employed, and the structural 
forces, displacements and reactions are determined at various load levels. 
The concept of the classical yield hinge is extended to include cross= 
sections deforming plastically under combinations of flexural and torsional 
moment and axial force. It is intended that the computer program which 
performs the analysis be incorporated into a larger comprehensive structura 
analysis system. 
1,2 Relation to Previous Studies 
Two basic variations of the incremental elastic·=plastic analysls 
procedure have been formulated. The first of these, discussed by 
Livesley, (23) re.quires the specification of the load levels at which the 
structural forces and displacements are desired. At a given load level, 
repeated cycles of 1 inear analysis and insertion or removal of plastic 
hinges are performed until the force distr bution in the structure is 
patible with the arrangement of plastic hinges. Besides requiring a great 
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deal of computation, this method has the disadvantage that at a given load 
level, the iterative process may converge to incorrect force and plastic 
hinge distributions. 
In t he second p rocedu re, .. a_un it. Lnad. s ys tem is app lied and a 
I inear analysis performed, The load factor ~ultipl ier of the unit load 
system) that would cause formation of the first plastic hinge is then 
calculated, The forces and displacements obtained from the 1 inear analysis 
are scaled by this load factor, and a plastic hinge is inserted. The unit 
load system is then app! led to the modified structure and a ne\.11/ analysis 
cycle initiated, A cumulative load factor is calculated in each cycle by 
adding the load factor for that cycle to the previous cumulative value. 
Each analysis cycle terminates at a load level corresponding exactly to the 
formation of a new plastic hinge (or, as will be shown in Chapter 4, to the 
modification of the characteristics of an existing plastic hinge). The 
load-deflection characteristics of the structure are assumed to be 1 inear 
during any loading increment. 
The latter procedure, which is referred to in this study as the 
p 1 ecew i se J i nea ri zat ion techn ique, has heen .app.l i ed to plana r s t ruc tures 
by.,Wang (33) an.dby Jennings and Maj ida (22) In both stuo:1ies, the interaction 
of flexural moment and axial force is accounted for by reducing the 
flexural capacities of members carrying axial force. 
Bruinette (4) has employed the piecewise I inearization technique 
in formulating an elastic-plastic analysis process for space frameworks, 
He considers the interaction between flexural moment, torsional moment and 
axial force at plastic hinges. A yield condition which relates the force 
components at a cross-section is used to determine when a plastic hinge 
will form, and to indicate the force-deformation behavior as the hinge 
4 
yieldso For convenience, each yield condition is interpreted geometrically 
as a closed yield surface in force space. With this interpretation, a 
cross-section is elastic if the force vector there does not reach the yield 
surface. When the force vector touches the yield surface, the cross-
section is assumed to be completely plastic. 
Although the yield surface for a given cross-section is usually 
a composite of several elements, and is often somewhat irregular, it is 
represented in Bruinette's study by a smooth approximate surface corres-
ponding to a single polynomial expression. The coefficients in the 
expression are calculated to give the best fit, in the least square sense, 
to a large number of points on the true yield surface. The coordinates of 
. a given point are simply the normalized force components corresponding to 
a particular fully plastic stress distribution on the cross-section. The 
use of this single surface affords I ittle opportunity to study the 
characteristics of the true yield surface. ln addition, the approximate 
surface is not necessarily convex at all points, and its shape is very 
sensitive to smal I changes in the geometry of the cross-section. 
In the analysis process formulated in Bruinette 9 s study, the 
force vector at each plastic hinge is constrained to proceed beyond the 
yield surface along a tangent plane as the hinge deforms. The force com-
ponents at the hinge are thus allowed to exceed the values that would 
cause unrestrained plastic yielding, and the calculated load capacity of 
the structure is too large. 
In each of the analysis formulations cited above, provision is 
made for the insertion of plastic hinges at member ends only. This often 
leads to considerable inefficiency, since a joint must be assumed at every 
potential plastic hinge location. In addition, only a single set of 
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proportional' ,load~ can be app,l ied, and any consideration of repeated loadings 
or shakedown effects is precluded. Finally, none of the formulations has 
provision for distinguishing between partial and total collapse conditions. 
Any analysis may thus be prematurely terminated by the col Iap£e of a single 
member or a subassembly, at a load considerably below that which would cause 
complete collapse of the structure. 
In this study, the analysls process formulated by Bruinette is 
modified and extended to el iminate the 1 imitations discussed above and to 
make the ~rocedure more general. Famil ies of yield surface elements are 
used whEch very closely approximate the actual yiel:d surfaces for the cross-
sectio'hS considered. By periodic adjustments of the plastic deformations 
at all yield hinges, the corresponding force vectors are at all times con~ 
tained within the yield surfaces. Provision is made fo analyzing 
structures with member releases (member force components constrained to 
have zero value) and joint releases (reaction components constrained to be 
zero). Structural col lapse criteria are employed which distinguish 
between parti~l and total col lapse mechanisms. 
A modification of the piecewise I inearization technique is in-
corporated to permit the superposition of consecutive, non=proportional 
load systems. Initially, the fi rst load system, rather than a unit load 
system, is app] led to the structure as an initial load increment, a 1 inear 
analysis is performed, and the load factor determined. The first plastic 
hinge ,is then inserted and the cumulative forces and displacements in the' 
structure are incremented by the product of the lbad factor and the values· 
obtained from the 1 inear analysiso The initia"l load system is then scaled 
dOIt'in by the quantity (1.0 - load factor) and app] led to the modified 
structure as a second load increment, and the second analysis cycle 
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initiated. This procedure is continued until the first load system has 
been completely appl ied, at which time the second load system is app] led 
as the next load increment, 
If the load factor in any cycle is equal to or greater than 1,0, 
the current load increment is appl ied in its entirety, no plastic hinge 
is inserted, and a new load system is app] led as ,the load increment for 
the next analysis cycle, 
It can be seen that while the consecutive load systems need not 
be proportional, only proportional loads are involved in any analysis CYCle, 
1.3 ASSDmptions and Limitations 
The assumptions and I imitations employed in this study are sub~· 
divided into the following categories: 
Those relating to the material: 
(a) The von Mises yield condition is assumed to apply, 
(b) The stress-strain diagram is assumed to be 1 inearly elastic-
perfectly plastic, and a]] stress-strain characteristics are assumed to be 
time independent. 
(c) The material is assumed to be stable according to the 
f9 ' definition given by Drucker, \ ) 
(d) The effects of strain hardening are neglected, 
Those relating to member cross-sections: 
(a) Al I cross=sections are assumed to have two axes of symmetry, 
(b) A shape factor of 1,0 is assumed for all cross=sections. 
That is, the cross-section is assumed to make an abrupt transition from a 
completely elastic state to a state where all fibers are stressed to t 
yield leve'] , and where unrestricted plastic deformation can occur, Thus) 
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for all force components, the force-deformation characteristics at any 
c ros.s -sec t ion .are .assumed to be as shown by the sol i d curve in Fig.. 1. 1 , 
rather than the dashed curv~ in the contained plastic deformation region. 
(c) Plastic yielding is confined to ~ndividual cross-sections 
with no "spread length!1 along the member. 
Those relating to individual members: 
(a) All members are assumed to be prismatic and straight. 
(b) Overall buckl ing of members and local effects such as web 
i=rippl ing and local buck] ing are ignored. 
(c) Warping of cross-sections under torsional loading is ignored. 
(d) No increase in the fully plastic torsional capatity due to 
torsional restraint is assumed. 
(e) Direct shear distortions are ignored. 
(f) For simp! icity, member releases are assumed to occur only at 
the member ends. 
(g) Any number of potential plastic hinge locations can be 
assumed in any member, but all of the potenti~l hinge locations must be 
specified i~ advance. 
Those re.lating to the whole structure: 
(a) .Changes in the structural geometry and loading due to deflec-
tions are assumed to be neg] igible. 
(b) The structure is loaded by concentrated joint loads and any 
number of concentrated loads app] led anywhere along the members. 
(c) Joint releases are restricted to the directions of the global 
coordinate axes. 
(d) ~ossible buck! ing instabil ity of the whole structure or any 
subassembly is ignored. 
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1.4 Con vent ions Used 
As is usual in matrix structural analysis formulations, tllli'O types 
of geometric coordinate systems are used. All loads, joint displacements 
and reactions, and joint coordinates are expressed in a single global 
system. Each member ha.s its own local or member coordinate system in 
which member forces and distortions are r:fpresented. For identification 
purposes, each member is assigned a direction from its A end to its Bend. 
As shown in Fig. 1.2, the x-axis of the member coordinate system coincides 
with the axis of the member, and the positive x-direction corresponds to 
direct ion A-B. 
The number of independent force components considered equals the 
number of degrees of treedom for the structure. For the three types of 
structure considered in this study, the number and order of force components 
are: 
Structure TYee Deg rees of 
Space frame 6 
Plane frame 3 
Plane g rid 3 
where P force in x-direction, etc. 
x 
M = moment about x=axis, etc. 
x 
Freedom Order of Component~ 
~---
p , p y' ,M ,M x y z 
M 
, z: 
:P 
v' 
i 
The order I n9--oJthe d Lsp.Lacemen t components co r res.ponds exact y to that of 
the force components. 
The force vector RI at any cross-section I is defined to be the 
force acting on portion IA of the member, as shown in Fig. 1.3. 
Two coordinate systems are used in connection vlfith the yield 
surface equations derived in this study. In order to make the yield 
surface equations independent of the size of the cross=section, the 
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.e.q.uations are derived in terms of normal ized (dimensionless) force para-
meters, and interpreted as surfaces in dimensionless force space, A 
norma.1 i.zed force p.arameter is the rat io of ag i ven force component to the 
corresponding fully plastic component (the value that would cause 
unres .. t.ricted .plastic deformation if ap.pl Led independently), 
One of the two app I i cat ions of the y i e I d surface eq.uat ions in 
this study is in the calculation of the yield surface normal vector which 
is used in determining the force-deformation characteristics at a yield 
hinge. Since the normal vector must be expressed in terms of real 
(dimens ional) forces, a transformation from normal ized to real force space 
is required, The transition to dimensional force space is effected by 
expanding the normal ized force space in each coordinate direction by a 
factor equal to the corresponding fully plastic force parameter, 
1.5 Organization of Report 
In this report, the structural behavior js considered at three 
different levels, namely that of a cross-section containing a hinge, a 
single member, and the overa] 1 structure. 
In Chapter 2, the general theory of combined stress is first 
reviewed p A procedure is outl ined for piecewise 1 inearizing the yield 
surface which is used to determine the behavior of a yielding plastic 
hinge .. Next, a method. of .. d.erj.vin.g.ap.p-coxjmate lower bound yield surface 
e.rji'aLions is reviewed and illus.tr.at.ed .by .. exampJes., The ,accur.acy of the 
approximate lower bound yield su.rface equations for the cross-section types 
considered in this study is then discussed, Finally, a procedure is 
described for expressing yield surface equations in terms of a load factor, 
and using the equations thus formulated to determine the load levels at 
] 0 
which plastic hinges will form. 
In Chapter 3, force-deformation equat ons are derived first for 
a continuous elastic p ismatic member, and then for the same member w th 
force releases. Next, a member with yield hinges is considered. A 
procedure is developed for artificial y reducing the force vector at a 
specific plastic hinge while maintaining equi1 brium and compatibi ity in 
the member and satisfying force constraints at al I other plastic hinges. 
This force reduction is requJred to prevent the foroce vector at any 
plastic hinge from proceeding beyond the yield surface. Incremental force-
deformation relationships are then derived for the membe w th yield hinges. 
Fin a 1)' y, a s tab i 1 i t Y criterion is de ve ] fe a membe with force 
releases, plastic hinges, or a combination of t~e two. 
The elastic-plastic analysis procedure is discussed in Chapter 4. 
The problem definition, which includes the specificat on of acceptable 
structure and loading types and assumed plastic hihge locations, s first 
outl ined, Next., the individual phases of the lysis process are 
described in detail. Finally, significant aspect of the ana ysis program 
are discussed. 
In Chapter 5, the app) ication 
trated by examples involving space frames, 
t anal is process Is i~lus= 
ane frames and plane grids. 
Examples are selected which i1 ]ustrate the detection of member instabil ity, 
the effects of non-proportional and repeated loading and the influence of 
yield surface shape. 
Chapter 6 includes a summary of the conclusions reached in the 
. development of the analysis process and as a resu t of the app] ications 
presented in Chapter 5. Severa] extensions and appl cations of the 
process are suggested as topics for furthe investigation. 
CHAPTER 2 
THE YIELD SURFACE 
In this chapter, the general theory of combined stress is briefly 
reviwed and a modification of the theory introduced to accommodate the 
incremental analysis procedure employed in this study. A procedure is 
described for deriving approximate lower bound yield surface expressions, 
and an indication of their accuracy is given. The method of calculating 
the load factor for a given cross-section is outl ined. In addition, the 
derivation of the unit outward normal vector is presented for one of the 
yield surfaces considered. 
2.1 Summary of General Theory of Combined Stress 
The general theory of combined stress has been discussed by 
Hodge. (20) Bruinette(4) has reviewed those aspects of the theory which 
are appl icable to problems involving slende~ membefs comprising elements 
of framed structures. In order to clarify the nomenclature used in this 
study and set the basis for the modification introduced in Section 2.2, 
the pertinent aspects of the theory are briefly summarized here. 
A yield condition can be formulated eitber in terms of stresses 
or in terms of forces~ by integrating the stresses over a cross-section. 
In the analysis of framed structures the yield condition is most con-
ven i en t I y formu 1 ated in te rms of norma 1 j zed (d i mens ion 1 ess) force 
components. Expressed in terms of forces, a yield condition is an equation 
which defines the combination of force components necessary to initiate 
inelastic deformation at a member cross-section. For a cuoss-section with 
a shape factor of 1.0, the initiation of yielding and the onset of 
II 
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unrestricted plastic deformation cotlncide, and thus the yie'!d condition 
gives the relationship among the force components at the onset of uncontained 
plastic flow. Finally, for an elastic-perfectly plastic material, such as 
the one assumed in this study, the yie d condition also expresses the force-
deformation relationships as y elding- pr09-cesses. 
In a framed structure, the most general force vector acting on a 
cross-section comprises an axial force, two direct shear forces, a 
torsional moment and two flexural moment components. Only those force com= 
ponents which contribute to strain energy as the structure is deformed have 
to be included as yield condition parameters. Because direct shear defo 
mations are usually very small for framed structures, direct shear force 
parameters are not included in the yield condit:ons formulated in his 
study. The derivation of approximate yield condition expressions is thereby 
greatly simp] ified. The yield condition parameters considered are thus: 
p = 
t = 
] 
m :; M y 
= 
where P = axial force 
T = torsional moment 
M, = flexural moment wi th respect to y=axis y 
M = flexural moment It'll th respect to z=axis 
z 
p ,T ,M and M = full y plastic values of above force componentso p p yp zp 
The positive directions for the above force components are as shown in 
Fig. 2.1. 
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The yield condition can be visualized geometrically as a point, 
curve, surface or hypersurface in the space defined by the yield condition 
parameters. For example, if only axial force and the two flexural moment 
components are considered, the corresponding yield condition can be 
interpreted as a surface in p=m =m space. With the preceding inter~ y z 
pre tat ion, the norm a liz e d par ame t e r s cor res po n din g to a for c eve c tor 
acting on a given cros~~section define a point in force space. 
Equivalently, they define a vector r from the origin of the space to the 
point. The origin of the force space corresponds to zero force components. 
If the normal ized force vector r does not reach the yield surface, the 
cross-section is completely elastic and no plastic flow can occur. If the 
vector just reaches the surface, every fiber in the cross-section is 
assumed to be stressed to the yield point and unrestricted plastic flow 
can occur. Finally, the normal ized force vector cannot extend beyond the 
yield surface, since the corresponding stresses on the cross-section would 
have to exceed the yield stress. 
For a stable elastic-plastic material, as defined by Drucker(9) 
and assumed in this study, the yield surface has the fol lowing character-
is tics: 
(a) The yield surface, while it does not necessarily have con-
tinuous normals, is always a closed, convex surface. 
(b) At a smooth point on the yield surface, the incremental 
plBstic deformation vector has the direction of the outwardly directed 
normal to the surface. At a sharp ridge or corner on the surface, the 
plastic deformation increment vector 1 ies between the outwardly directed 
normals to the intersecting surface elements. 
14 
The significance of these characteristics may be illustrated by 
considerin~.B yield curve defined in terms of norma] ized force parameters 
rj and r2 , as shown In Fig. 2.2. The yield curve is defined by an 
equation of the form: 
where A is a constant. 
A space defined in terms of plastic deformation components v~ 
and v~ is superimposed on the force space in such a way that the vf and 
p 
r 1 axes coincide, as do the V2 and r2 axes. At a smooth point on the 
yield curve, the second characteristic above may be stated as; 
P . P 
where dV j and dV2 ~ components of the plastic deformation increment 
p 
vector dV 0 
N] and ~2 = components of N, the unit outwardly directed normal 
vector to the yield surface, at the point where the normal ized 
force vector r meets the surface. 
~ a positive scalBr, £alled the flow constant, which defines the 
magnitude of the. plastic deformation at the section, and has 
units of deformation. 
In general, the plastic deformation vector at a smooth po nt on 
a yield surface is given by: 
The situation at a sharp corner on the yield curve is pictured at point 
(1) in Fig. 2.2. While the plastic deformation increment vector dV P is 
15 
indeterminate at the corner, it is known to I Ie between the normals to the 
two parts of the yield curve as shown. 
As the normal ized force vector cannot extend beyond the yleld 
curve, any normal ized force increment vector corresponding to a plastic 
deformation at the cross-section must 1 Ie in the yield curve. This 
requirement is expressed by the normal ity condition: 
(2.5) 
where dr the normal ized force increment vector. 
2.2 Piecewise Linearization of Yield Surface 
As indicated by Eq. (2.4) and Eq. (2.5), the force increment 
vector and the plastic deformation increment vector corresponding to~a 
plastic deformation are always tangent and normal, respectively, to the 
yield surface. SLncethis surface is generally curved, the two vectors 
constantly change direction as the cross-section deforms plastically. As 
a consequence, the force-deformation characteristics for a member con-
taining a plastic hinge are non-l inear. Incremental elastic=plastic 
analys,is procedur_es. require that the load-deflection behavior of the 
structure be 1 ineBrized over finite loading increments. The infinitesimal 
force and plastic deformation increment vectors that would accumulate at 
any given plastic hinge durjng a particular interval must therefore be 
replaced by a finite force increment vector and a finite plastic defor-
mation increment vector. 
In the analysis procedure formulated by Bruinette and Fenves, (5) 
the finite force increment vectors at a ylelding fuinge are assumed to 
trace a path as shown in Fig. 2.3. As yielding is first in1tiated, the 
force increment vector is assumed to fol Iowa tangent to the yield surface 
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shown by the vector dr] in the figure" When this vector has proceeded a 
specified distance ~ (set to 0.004 units in dime~sionless .force space) 
beyond the yield surface, the force increment vector is assumed to change 
directiono The new increment vector, indicated by dr2 in the figure, is 
assumed to fol low the tangent to a new surface paral ]e.1 to the yield 
surface, The procedure is repeated as long as the hinge continues to 
deform plastically. At any time, the plastic deformation increment vector 
is assumed to be normal to the tangent plane containing the force increment 
vector. The above procedure has the disadvantage that as loading pro-
gresses, the force vector is allowed to proceed beyond the yield surface. 
To confine the force vector to th~' space enclosed by the yield 
surface, the fol lowing procedure is employed in this study. When the force 
vector reaches the y eld surface, it is artificially drawn back a specified 
distance from the tangent plane at the point of contact. The method of 
reducing the force vector is discussed in Chapter 3. During subsequent 
loading cycles, the force increment vector at the hinge is constrained to 
I ie in a plane parallel to the tangent plane. If the force vector again 
reaches the yield surface, it is drawn back from the new tangent plane, 
and the subs.equent force increment vectors are constrained to be parallel 
to this new pLa~e. The plastic deformation increment vector is .always 
assumed to have a direct.ion normal to the plane in which the corresponding 
force increment vector 1 ies. 
To illustrate the procedure, consider the yield curve shown in 
Fig. 2.4. When the normal izedforce vector r meets the yield surface at 
A, it is modified by a force vector AB which has a component of a speci-
fied magnitude, h, normal to the tangent plane at A. If the normal ized 
force vector AB is designated d~, the required force reduction is 
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specified by: 
(2.6) 
where ~(A) = the outwardly directed unit normal vector at point A on the 
yield surface in dimensionless force space. 
The force increment vector at the hinge is then constrained to 
trace out the line BC until the yield surface is again encountered at 
some point C. If the force increment vector BCls designated dr, the above 
condition may be expressed by: 
" ( ') t N A. 7d r o 
The plastic deformation vector corresponding to force vector Be 
has the direction of N(A). 
When the force vector reaches point C, a new normal vector N{C) 
and a new tangent plane are establ ished, and the procedure is repeated. 
As a structure is being loaded, plastic hinges form at various 
locations at different load levels. At some time during the loading 
history, plastic hinges at severa] locations wi] J be yielding simultaneously. 
A cycle of the analysis procedure is terminated whenever a new plastic hinge 
forms, or the force increment vector at an existing hinge meets the yield 
surface. Thus at the end of a cycle, the situation at a plastic hinge that 
was not the Ilcriticalll:one, is as shown in Fig. 2.5, Component BC of the 
increment vector has not yet been fully generated, and while the hinge is 
assumed to be plastic, the force vector does not reach the yield surface. 
It would be possible to employ an iterative procedure to reduce the value 
of h at the hinge and thereby shift the force increment component to 
position B'C] shown on the figure. However, the implementation of this 
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procedure would greatly increase the analysis effort. In any event, the 
maximum distance of the point elf from the yield surface is very small com-
pared to the magnitude of the force vector r, and the above refinement is 
not included in the analysis procedure developed in this study. 
The presence of ridges in the yield surface ~oes not compJ lcats 
the analysis when the surface is piecewise 1 inearized. The yield surface 
normal is indeterminate at a ridge. However when the normal vector is 
assumed to have a constant direction during a finite loading increment, 
the normal has to be evaluated at a ridge only when a force increment vector 
terminates exactly at the ridge, as shown in Fig. 2.6. If such a condition 
occurs, the normal vector for one of the intersecting surfaces is used and 
the force vector is drawn back from the yield surface as previously 
described. During the subsequent loading increments, the force increment 
vector is constrained to be paral leI to the appropr.iate tangent plane at 
the ridge. 
2.3 Approximate Lower Bound Yield Surfaces 
In general, the yield surface for a given cross-section is a 
composite of several elements, each corresponding to a generic position of 
the neutral axis. Pi.gure 2d7 shows the eight possible generic neutral 
axis positions corresponding to the first octant portion of the three-
dimensional yield surface (in parameters p, m and m ) for a hollow y z 
rectangular section. A doubly symmetric I-shaped section has seventeen 
such positions. 
It is extremely difficult to derive exact yield surface expres-
sions for a cross-section subjected to combined axial force, flexure and 
torsion. Consequently, an approximate procedure suggested by Hodge (20) is 
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employed in this studyo Bruinette and Fenves (5) have demonstrated the 
app1 ication of the method to a solid rectangular cross-section subjected 
to the four force components p, T, M and M 0 The procedure leads to y z 
approximate lower bound yield surface expressions, and involves the 
fol lowing three steps: 
(a) For a given neutral axis position, a normal stress distri~ 
bution proportional to the fu] 1y plastic distribution is assumed, It 
consists of tensile (positive) normal stress of magnitude ° at every point 
on one side of the neutral axis, and compressive (negative) stress of the 
same magnitude on the other side, Correspon~ing to this stress dJstribution, 
a relationship is established among the parameters p, m and m , which con-
y z 
tribute only to normal stress on the cross-section. This relationship 
involves the ratio 0/00' where 00 is the yield stress for the materialo 
(b) A torsional shear stress distribution proportional to the 
fully plastic distribution, as given by the sand heap analogy, is assumed. 
Accordingly, a shear stress of magnitude T (less than the fu] ly plastic 
value) is assumed at every point on the cross=section. 
(c) The normal and shearing stresses are superimpos~d and scaled 
in such a manner that at every point, they satisfy a s~itable yield 
condition. The von Mises yield condition is used In this study. For the 
non-zero stress components considered, the condition reduces to: 
If Eq. (2.8) 
as: 
.8) 0 2 + 3T2 = G~ 
2 is divided by GO and rearranged, it can be written 
2 (~) (2.9) 
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From the same condition, the magnitude of the shear.f.ng yield stress, 10' is 
obtained as: 
Because of the shear stress distribution assumed in step (b) above, the 
norma 1 i zed tors i ona 1 momen tis given by: 
t = TIT = IlTO 
P 
(2. 1 1 ) 
Sub s tit uti 0 n 0 f . Eq , (2. 1 1) and E q , (2, 1 0 ) i n toE q , (2 . 9) y i e 1 d s : 
(2. 12) 
Substitution of E q . (2 ,I 2 ) into the relationship derived in step 
) above produces the final yield surface expression in terms of para-
j 
meters p, t, m and m . y z 
Each yield surface equation obtained by the above procedure can 
be interpreted geometrically as a family of three-dimensional yield 
surfaces in p-m -m space, each surface corresponding to a particular value y z 
of t. Figure 2.8 shows the first octant portions of two surfaces from such 
a family, The outer one corresponds to zero torsional moment, and it 
intersects each of the coordinate axes at a value of 1. The inner surface 
corresponds to some normal ized torsional moment t. It has the same shape 
as the outer surface, but all coord inates are reduced by the factor jl=t2 ~. 
Even the approximate proce~ure described above becomes extremely 
cumbersome for all but the most simple cross-sections, such as the sol id 
circular or so] id rectangular. However, for cross-sections composed of 
thin elements, a further approximation can be made, which reduces the number 
of yle1 d surface elements to be cons idered and s impl ifles the yield surface 
21 
·expressions, This latter approximation is the assumption that the neutral 
axis passes perpendicularly through any element of the cross-section, as 
shown in Fig, 2,9, or if it 1 ies completely within any element, that it 
is parallel to the long dimens ion of that element, 
In this study, the above simplifications are uti1 ized in deriving 
approximate lower bound yield surface expressions for the fol lowing cross= 
sect ion types: 
(a) so 1 id rectangular 
[' ) ,b thin walled rectangular 
(c) I-shaped 
(d) thin wall ed circular 
A characteristic of these cross-sections that can be used to 
advantage when deriving yield surface expressions is the fact that they 
are all doubly symmetric, For such cross-sections, the three-dimensional 
yield surfaces in p-m -m space are symmetrical with respect to each y z 
coordinate plane, Consequently only the first octant portion of the yield 
surface need be derived, If force parameters are encountered in the 
analysis which would involve a different o~tant of the yield surface, the 
corresponding force vector is simply reflected into the first octant, 
The first octant portion of the yield surface corresponds to 
positive values of p, m and m. Employing the sign convention of Section y z 
2,1, it is readily seen that the first octant portion of the yield surface 
corresponds to neutral axis positions above and to the right of the 
centroid of the cross-section, as in Fig, 2,7, 
In addition to the yield surfaces for the four cross-sections 
above, an additional one is considered in this study, This surface is one 
which can be visual ized as a family of spherical surfaces in p-m -m space, y z 
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The deriv.ation of approximate lower bound yield surface expres-
s ion s w ill be i] Ius t rat e d by de r i v in 9 th e ex pres s ion s for two sur fa c e 
elements for the I-shaped section, 
Consider a cross-section as shown in Fig, 2,90 The geometry of 
the cross-section is described in terms of the fo] lowing pa~ameters: 
AF = area of one flange 
= area of web 
H = depth of section, center to center of flanges 
W = width of flange 
tF flange thickness = AF/W 
tw = web thickness = AW/ H 
In terms of these parameters, th~ fully plastic stress resultants 
for the cross-section are found to be: 
p 0"0A F (2+C) p 
M O"OAFW/2 yp 
M = CYOAFH (1 +C/4) (20 13) 
zp 
T T OAF (tF+CtW/2) p 
0"0 
= /3 AF (t F +C tW/2 ) 
Next, assume a stress distribution as shown in Fig, 2.9 where 
the dimensionless parameters a and Y locate the neutral axiso The 
corresponding stress resultants are: 
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(2, 14) 
The normal·ized force parameters, obtained by dividing the forces 
of Eq, (2,14) by the corresponding values from Eqo (2,13) are: 
p = £-. (1 _ a+yc ) 
0" 0 1+C/2 
m = 2a (~ ) (l =a) 
y 0 
(2, 15) 
Parameters a and y can be el iminated from Eqo (2015) to give: 
(2. 16) 
Then, superimposing a torsional shear stress distribution proportional to 
the fully plastic value, properly seal ing .it, and substituting Eqo (2,12) 
i n to Eq, (2, I 6), the f 0 1 I ow i n g y i e 1 d sur face e qua t i on i sob t a i ned : 
(4+C)m 
z 2} -J~:t2+ (ty- + } - J~:t2 - ) Z/C = 2+C 
(2, 17) 
Equ_ation (2,17) defines surface element (2) for the I-shaped section, as 
shown in Fig 0 2, 1 I (c) 0 
In some instances, the neutral axis 1 ies completely within one 
element of the cross-section and is approximately parallel to the long 
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dime n s ion 0 f the e 1 em en t, ass how n i n Fig. 2. I a . I nth i s cas e ,It i s not 
reasonable to make the s impl ifying assumption that the neutral axis 
traverses the element perpendicularly. However, a good approximation 
to the lower bound yield surface can be obtained by the following pro-
cedure. 
The neutral axis position is defined by parameters ~ and a as 
sholtvn in Fig. 2" 10. With the neutral axis in the pos ition shown, the 
axial force is a function of ~ only, and is independent of a. The value 
of M, 011 the other hand, is a function of a only, and does not depend 
y 
on {3. Since the angJe a is necessarily small, the va"lue of M 1s 
z 
insens itive to changes in a, and is assumed to be a function of (3ollly. 
11 calculating M , a is assumed to be zero.) The corresponding force 
z 
parameters are given by: 
M y f (a) 
where f(a) = function of a ollly, 
The corresponding normal ized values are: 
(2. 18) 
m = g(a) (2,19) y 
'vi/he re 9 (a) = f (a) 1M . yp 
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Parameter"i3 can be el iminated from the first and third of Eq. 
(2,19), and Eq. (2.12) subst i tuted to give: 
o (2.20 ) 
Equat ion (2.20 ) is independent of m , and can be interpreted y 
geometrically as a family of para! leI planar surfaces, al J perpendicular 
to the p'-m plane. The equation is used to define element (1) of the 
z 
lower bound yield surface for the I-shaped section, as shown in Fig. 
Table 1 1 ists the equations for all first octant lower bound 
yield surface elements for the four cross-sections considered in this 
study. The latter procedure illustrated above was used to derive equations 
4 and 5 for the thin wal led rectangular section and equations I and 5 for 
the I-shaped section. The former procedure was used in obtaining al] of 
the other yield surface equations. The equation for the spherical yeld 
surface, previously described, is also included in the table. Figure 
2. I I shows the plotted yield surface elements, The identification of the 
surface elements in the figure fol lows the numbering system used in the 
table. 
2~4 The Normal Vector 
The analysis procedure employed in this study requires the 
evaluation of the components of the outwardly directed unit normal vector 
at any point on the yield surface. The Jth component of the normal vector 
is given by: 
(2.21 ) 
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where the yield surface equation is expressed in the form: 
(2.22) 
and NP = number of parameters involved. The expressions for the components 
of the generic normal vectors for al] yield surface elements considered in 
this study are I isted in Table 2. 
It was pointed out in Section 2.3 that each of the yield surface 
equations can be interpreted as family of surfaces in p-m -m space. y z ' The 
shapes of all surfaces in a family are the same and are independent of the 
torsional moment t. Thus, since al] of the yield surfaces are convex and 
symmetrical VJith respect to the coordinate axes, the signs of components 
Nj = o~/op, N3 = o~/my and N4 = o~/omz are independent of t and are the 
same as the signs of p, m and m ~ respectively, at the yield surface y z· 
point where the normal is being calculated. 
Examination of the yield surface equations in Table 1 reveals 
that for any of the yield surfaces considered: 
where f(p,m ,m ) is a function of p, m and m. When all three parameters 
y z y z 
are positive, the function has a~ositive value. If anyone of the para-
meters is neg.ative,a different function is obtained corresponding to the 
appropriate octant of the yield surface. However, substitution of the 
parameters into the new function again yields a positive value. It can 
thus be seen that the sign of N2 = o~/ot is the same as that of t, and is 
independent of the values of the other parameters. In general, the sign 
of any component NJ = o~/orJ of the normal vector is always the same as 
that of the corresponding force parameter rJ . 
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2.5 Determination of Load Factor 
2.5. I Representation of Yield Surface in Terms of load Factor 
For the incremental a~aly5i~ procedure used in this study, a 
given loading increment is terminated when the normal ized force vector at 
any potential plastic hinge location reaches the yield surface. The 
situation at one such location is illustrated in Fig. 2.12. At the start 
of the increment, the normal ized force vector is r. The force increment 
vector corresponding to the appl ication of the current external load 
increment is des ignated dr. It is necessary to determine the load factor A 
for which the force increment vector~dr just reaches the yield surface. 
The coordinates of the point where the vector dr pierces the 
yield surface are: 
(2.24 ) 
where r P = Jth coordinate of the piercing point. J 
rJ and dr J = Jth components of vectors rand dr respectively. 
In order to locate the piercing point and solve for~, it is necessary to 
substitute Eq. (2.24) into the yield surface equations. The substitution 
for the parameters is straiBhtforward, and a single example will be given. 
For the .sol id rectangular section, element (2) of the yield 
surface is described by: 
(2.25 ) 
The following substitution is made for the normalized force parameters: 
t = r 2 +~d r 2 
(2.26 ) 
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(2.26 ) 
The yield surface equation can then be written as: 
(2. 27) 
Thus, if the force vector r and the force increment vector dr at 
a given cross-section are known, the corresponding load factor A can be 
calculated from the appropriate equation corresponding to Eq. (2.27). 
Since most of the yield surface equations involve rather complex 
functions of A, the Newton-Raphson iterative procedure is used to solve 
them. In general, the equations have the form: 
g? (A) == A (2.28) 
where A is a constant. 
The (n+l)st approximation to the load factor is then calculated using: 
where A (n) 
A (n+ 1) = A (n) _ g? (A n ) - A 
~ I (An) 
the nth improved approximation to A 
(2.29 ) 
Expression (2.29) requires the evaluation of the partial derivative with 
respect to A for each of the yield surface expressions. This partial 
derivative, evaluated for Eq. (2.27) is: 
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I 
The starting value,' A (I) used in Eg. (2,29), is the load factor 
obta ned for the spherical yield surface, the equation of which is given 
in Table 10 
2.5.2 Selection of Appropriate Yield Surface Element 
For a given cross-section, the complete yield surface entloses 
the origin of the force space. Depending on the signs of its components, 
the force increment vector may intersect the yield surface in any octant 
of the p-m -m space. For the doubly symmetric cross-sections considered y z 
i nth iss t u d y~ ea c hoc tan t 0 f the y i e Ids u r fa c e i s are fIe c t ion 0 f the 
first octant portion. Thus, regardless of the direction of the force 
increment vector, the intersection point cah~b~~shifted to the first octant 
by revers in-g the signs of appropriate pal rs of force and force increment 
components. However, the location of the piercing point depends on A, 
and A cannot be determined without first knowing the piercing point 
location (so that it can be shifted into the first octant). In addition, 
it is necessary to determine which yield surface element will be inter~ 
sected by the given force increment vector. The following procedure is 
used to shift the piercing point to the first octant and to select the 
appropriate surface element. 
The load factor is first calculated for the spherical yield 
surface, which coincides with the other yield surfaces where they intersect 
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the p, m and m axes. The spherical yield surface has the advantage that 
y z 
the load factor can be calculated regardless of the octant in which the 
intersection point fal Is. Having thus located the intersection point on 
the spherical surface, appropriate force components can be reversed in 
sign to reflect the point into the first octant. This procedure is illus= 
trated in Fig. 2.13, which shows cross-sections through the yield surface. 
In the figure, ~.s is the load factor corresponding to the spher'ical 
surface, and the vectors refle:<e:tecrl into the first octant are shown dashed. 
In general, the intersection points with the spherical and 
actual yield surfaces 1 Ie in the same octant, as shown in Fig. 2.13 (a). 
I n a few ins tan c e s , the sit u a t ion i s ass h own i n Fig. 2. 1 3 (b) . I nth i s 
case, the reflected intersection point on the actual yield surface could 
lie 0 u t sid e 0 f the fir s t 0 c tan t . Howe ve r , i neve r y cas e ex c e p t on e, wh i c h 
wi] 1 be discussed later, the yield surface elements are symmetrical with 
respect to any coordinate plane they intersect. Thus, in such cases, the 
correct load factor can be calculated using the appropriate first octant 
yield surface equation, even though the force increment vector intersects 
the element outside of the first octant. 
When the intersection point of the force increment vector and the 
s ph e ric a 1 su r face has been ref 1 e c ted i n to t he fir s t 0 c tan t , i tis s till 
necessary to select the yield surface element on which the vector wil I be 
incident. Since some of the surface elements are undefined in parts of 
the octant, it is necessary to use an el imination procedure. This pro-
cedure will be demonstrated for the sol id rectangular section. 
The yield surface elements are first projected onto ,one of .the 
coordinate planes as shown in Fig. 2.14. To faci] itate the e1 imination 
procedure, the projection for the sol id and thin walled rectangular sections 
31 
is onto the m -m plane, whlle the p-m plane is used for the I-shaped y z y 
section. Since there is only one surface element for the thin wal led 
circular cross-section, no selection procedure is required for it. The 
projections of the surface elements for the sol id and hollow rectangular 
sections and for the I-shaped section are shown in Fig. 2.15. 
The equations of the curves separating the various projected 
elements are derived by considering positions of the neutral axis common 
to the two surface elements involved. For example, the equation of curve 
A s epa rat i n gel em en t s (1) and (.2 ) i n Fig. 2. 1 5 (a) i sob t a i ned by set tin g 
O! == I for neutral axis positions corresponding to element (I) in Table 1, 
or by setting y == 0 for neutral axis positions corresponding to element 
(2). El iminat in9 (3 from the resul t ing equat ions for the force parameters, 
the equation for curve A is found to be: 
m = 3m -3m 2 I ~ z y y Yl-r. 
By a similar procedure, the equation for curve B is found to be: 
m = 3m -3m2 /-j1_t2 
y z z 
Since for the sol id rectangular section, yield surface (2) is 
defined over the entire octant, the load factor js first catculated for 
this elemenL The m and In vall'ues at the intersection of the force y z 
increment vector and surface (2) are then calculated. If the projection 
of the intersection point I ies to the left of curve A in Fig, 2.15(a), 
the cor r e c t 1 oa d fa c tor has bee n f 0 un d . 0 the rw i sea rea (2 ) i nth e fig u r e 
is el iminated from consideration. In this case, the load fa~tor is next 
calculated for element (3), and the corresponding intersection point com-
pared with curve B. If the intersection falls within area (3), the 
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correct load factor has been obtained. Otherwise, it is known that surface 
element (1) must be the appropriate one~ and the load factor is calculated 
for it. 
A nan a I og 0 use lim ina t jon pro c e d u rei sus e d for the hollow 
rectangular and I-shaped sections. For the former, the order of el imina-
tion of the surface elements is (4), (5), (2), (3) and (I). For the 1-
s hap e d sec t ion the seq u en c e j s : (5 ), ( I ), (3 ), (2 ) and ( 4) 0 
For the I-shaped section, surface element (2) is not symmetrical 
with respect to the p-m plane, Thus, for force vectors such as rand dr 
z 
shown in Fig. 2.16, the vectors would be reflected, and the intersection 
found to be at B, rather than at the correct location A. To avoid this, 
the load factor is calculated for surface (2), the sign of the corresponding 
m is tested, and if it is negative, the vectors are again reflected, and y 
the load factor recalculated, 
2,6 Accuracy of Approximate Lower Bound Yield Surfaces 
Two levels of approximation were employed in deriving the 
approximate lower bound yield surface expressions presented. The first 
involved the assumption that the normal and shear stress distributions 
on a yieldin-9- cross-section are proportional to the corresponding fully 
plastic values. The second involved the_assumptions regarding the neutral 
axis position, discussed in Section 2,3, The effects of these assump-
tions on the positions of the yield surfaces considered are discussed 
below, 
206, I Assumptions Regarding Neutral Axis Position 
From physical considerations, it can be shown that three-
dimensional yield surfaces in parameters p, m and m must always be smooth y z 
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except at the points where they intersect the p axis. To illustrate this 
fact, consider the force-plastic deformation relationships at a sharp point 
A on a yield curve as shown in Fig. 2.17. Assume that during a given 
loading increment, the force increment vector dr crosses the ridge as 
shown. Equation (2.5), and Eq. (2.4) require that the plastic deformation 
vector J ie between the normal vectors ~(l) and ~(2) as shown. As the 
loading is app! ied, the force vector must remain stationary at the ridge 
while the plastic deformation increment vector makes the transition from 
the direction of ~(1) to that of ~(2). But each position of the fully 
plastic member force vector r corresponds to a unique neutral axis 
position. Thus, the neutral axis must not shift while the force vector 
remains at A. 
Furthermore, as long as the neutral axis 1 ies within the cross-
section, the direction of the plastic deformation· increment vector can 
change only when there is a shift in the neutral axis. This can be il1us-
trated by considering a plastic rotation of e radians about a fixed 
neutral axis position as shown in Fig. 2.18. The corresponding plastic 
deformation vector components are: 
dV P = -ed I 
dV P = -8 2 
where dV P = axial deformation. I 
dVP = bending deformation with respect to z-axis. 2 
(2.33) 
It can be seen from Eq. (2.33) that as long as the neutral axis remains 
. (d ) h . d P/d P . stationary constant, t e ratio. VI V2 IS constant, and the plastic 
deformation increment vector maintains a constant direction. A similar 
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cond it ion c.an be shown to ho 1 d for the case of comb i ned ax i all oad and 
biaxial bending_e 
Itis obvious then~ that a ridge cannot occur on the yield 
surface as long as the corresponding neutral axis 1 ies within the cross-
section. When the neutral axis] ies outside of the section, the 
normalized axial force p has a value of plus or minus D. In this case, 
the neutral axis can assume an infinite number of different positions with 
no change In the force vectoro Thus, based on the above physical con-
siderations, the yield surfaces should be smooth everywhere except where 
they intersect the positive and negative p axes, and should have sharp 
points at these locations. 
Because of the assumption that the neutral axis traverses every 
element of a cross-section perpendicularly, the derived approximate yield 
surfaces for the thin wal led rectangular and I-shaped sections have ridges 
where they should not occur. At these ridges, the derived surfaces 1 ie 
outside of the correct ones. 
For the hollow rectangular section, a ridge occurs along the 
boundary between surface element (1), and elements (4) and (5), To explain 
its presence, consider the transition from surface element (1) to elemeht 
(4) at point A in Fig. 2.11 (b). Corresponding to this point on element 
(1), the neutral axis follows path 1-] in Fig. 2.19, The neutral axis 
position representing point A on element (4) corresponds approximately to 
position 2-2. However, since the derived surface I ies outside of the 
correct surface, it is impossible to plot a neutral axis position corres= 
ponding exactly to the pointe The ridge, then, results from the shift in 
the neutral axis with no accompanying change in the force vector when 
making the transition from element (1) to element (!-+), 
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The approximate yield surface derived for the I-shaped section 
has ridges along the boundary of element (1), and along the intersection 
of element (2) and the p-m plane. The first of these corresponds to the 
z 
trans ition .as the neutral axis moves completely into the top flange. 
Its explanation is similar to that above. The latter corresponds to a 
neutral axis position such as that designated 1-1 in Fig. 2.20. As the 
neutral axis shifts to position 2-2 there is a change in m from a small y 
positive value to an equal negative value. This change reflects the 
change in the d i rec t i on of t he no rmal s tress on the s haded a reas (a). 
However, for the approximate yield surface, this change and the corres-
ponding narrow transition surface are ignored. The value of m is assumed y 
to be zero for either neutral axis position, and the axis is assumed to 
move with no accompany i ng change .i n the force vee tor. 
The ord e r 0 f mag nit u de 0 f the err 0 r in t h e.p 0 sit ion 0 f the y i e 1 d 
surface at a ridge can be illustrated for al2WF27 section, using the 
neutral axis position shown in Fig. 2.21. 
The neutral axis position shown corresponds to approximate 
surface element W), with a = t and ~ = 0 (see Table I). Assuming t = 0 
and a normal stress magnitude of 00' and uslng the value C = 1.057 for the 
12WF27 section, the normal ized force parameters are found from the 
appropriate equations in Table I to be: 
p = 0.667 
m = y 0.50 (2.34) 
m = O. ~·tO 
z 
These parameters are in errOr because of the assumption of the 
wrong sign for the stresses on the shaded"'areas (a) Q It can be shown that 
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the force parameters corresponding to the discrepancy in stress distribution 
are: 
t::P = 0 
2 
d1 
aDAFWt F 
== y 96H2 
2 
d1 
aoAFtF 
== 24H z 
.The corresponding normal ized values are: 
Lm == _1 (2)2 
y 48 H 
1 (tF)2 ~z == (24+6C) H 
For the section considered, tF/H == .0346 and the corresponding errors in my 
and mar e f 0 u n d to be. 005 per c en tan d . 0 J per c e nt, res pee t i vel y , T h es e 
z 
errors are cons idered to be neg] igible. 
Asimilar error evaluation for the thin wal Jed rectangular 
section is difficult. At the actual yield surface location corresponding 
to the ridge on the approximate surface the neutral axis does not 1 ie 
entirely within the top wal I of the section. However, it has been veri-
fied by plotting typical sections to scale that the discrepancies are 
again very minor. 
2.6.2 Comparison with Test Results 
Several experimental investigations have been carried out to check 
the accuracy of Hodge's procedure for deriving approximate lower bound yield 
surface expressions. Gill and Boucher(14) tested a series of sol id square 
and rectangular mild steel sections under combined flexure and torsion. 
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Experimental interaction curves corresponding to the] imit of elastic 
behavior and to the onset of unrestricted plastic flow .agreed very well 
with, and always lay outside of, the theoretic-a.l curves. Plastic defor-
mation vectors were plotted, and found to be perpendicular to the 
experimental yield curves. The influence of direct shear force was found 
to be negl igible. 
Us .. ing the same loading apparatus as Gill and Boucher, Boulton O) 
conducted similar tests on mild steel 3/8 in. x 3/8 in. I-shaped sections. 
Good agreement with the approximate yield curves was obtained. The effect 
of direct shear force was "again found to be negl igible. However, warping 
restraint was found to considerably jncrease the torsional capacities of 
the sections. 
The increase in torsional capacity of I-sections~due to warping 
res tra in twas fu rthe r s tudi ed by D i nno and Me rchan t. (7) They deve loped an 
expression for torsional capacity, whJch includes two torsion resisting 
mechanisms; a torsional mechanism bas~d on the sand heap analDgy, and a 
flange shear ~echanism. The latteTmechanism exists only when warping is 
restrained, and is due to transverse bending in the flanges. It con-
". 
tributes to torsional restra.int in inverse propdrtion to the distance 
between sections of tors.ional restraint. When both mechanisms were taken 
into account, theoretical torsional capacities and interaction curves 
agreed more closely with experimental results than when the torsional 
mechanism only was considered. Because warping restra.int is unpredictable 
for many framed structures, the flange shear mechanism has not been assumed 
in this study. 
Shammamy and Sidebottom(3 2) subjected hoI low and 501 id circular 
aluminum members to various histories of combined tension and torsion 
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loading. A number of spot comparisons of their plotted unrestrained yie d 
loadings were made with the fol lowing degeneration of the appropriate 
yield surface equation: 
In all cases, agreement was found to be within two to three percent. 
2.7 Conversion from Dimensionless to Dimensional Force Space 
The yield surface equation and unit normal vector are most con-
veniently derived in dimensionless force space, 8S was done in the previous 
sections. However, when analyzing a structure, it is necessary to consider 
the actual force vector at a given plastic hinge and the unit normal vector 
in dimensional force space. Hence the normal vector must be converted to 
dimensional force space. This is accompl ished by dividing each component 
of ~ by the corresponding fully plastic force parameter, and then 
normal izing the new vector. 
Consequently, for analysis purposes Eqs. (2.6) and .7) 
must be replaced respectively by: 
.38) 
t N dR = -hI 
.40 ) 
where N = the unit normal vector at the appropriate point on the yield 
surface in real force space. 
~ = the corresponding flow constant. 
dR :; the force increment vector at the hinge considered. 
hi = the counterpart of the distance h in real force space. 
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In this study a value of hi is selected which corresponds to: 
h = 0.02 P (2.41) 
This reduces the force vector at a plastic hinge by approximately two 
percent. 
Th e con ve r s ion from h to h 'is i I Ius t rat e din Fig. 2. 22 . A y i e I d 
curve in real force space is superimposed on tme corresponding curve in 
dimens ionless force space. For the sake of simpl icity, the fully plastic 
parameter Rpl is assumed to be I. The two curves thus have the same inter-
cept on the r l and R] axes. 
N is the unit outward normal at A to the dimensionless yield 
curve. A secant is d~awn perpendicular to ~ and so that h has the value 
given by Eq. (2.41). The corresponding secant is drawn for the dimensional 
yield curve, and the I ine segment AS projected to give vector.D, Vector D 
is defined by: 
(2.42 ) 
1= 1,2, ... ,NP 
where RpI Ith fully plastic force parameter. 
NP = number of forcepar-.ameter .used in def in ing the force space. 
The value of hi corresponding to the given h value is then the projection 
of D onto the unit vector N, or: 
(2.43 ) 
hi can ~e thought of as a unit]ess distance in real force space, with the 
proper force units attached to the components of the vector h'N. 
CHAPTER 3 
FORCE-DEFORMATION RELATIONSHIPS FOR A MEMBER 
In this chapter, the force-deformation equations for a cont~nuous 
elastic member are summarized. These equations are then modified to 
include the effects of member releases. Next, the incremental force~ 
deformation relationships are derived for a member in which one or more 
yield hinges have formed. Member releases and plastic hinges have very 
similar effects on the force-deformation equations for a continuous 
elastic member. In this study, members with releases only, plastic 
hinges only, or a combination of the two are treated in essentially the 
same manner. 
3.1 Introduction 
The force-deformation relationships for a typical member in a 
frame can be adequately represented by two sets of quant ties: the 
stiffness matrix referred to one end of the member and the f xed-end-
force vect6~ that would occur at that end if the membe were loaded a ong 
its length with its ends rigidly fixed. If these quantities are known, 
the stiffness matrix and fixed-end-force vector at the other end of the 
member can be calculated using statics and geometry only. 
The force-deformation relationships for a continuous, elastic 
member can be derived by considering only statics, the member geometry and 
the stress-strain characteristics of the material. For a member having N~ 
releases, ,NR ',hew';' unknown, deformations are involved, namely, the 
relative displacements of the member segments at, and in the directions of, 
the releases. The additional equations required t6 el iminate these 
40 
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deformations from the force-deformation relationshdps are obtained from the 
e~quL1 ibrium requirements that the released force components must be zero, 
When a yield hinge forms in an elastic member, its force-
deformation characteristics in general become non-l inear. However, as has 
been pointed out, it is assumed in this study that the direction of the 
yield surface normal vector remains constant during finite loading incre-
ments, Bruinette and Fenves (5) have demonstrated that under these 
condi tions the incremental force-deformation relationships are 1 inear, 
If the yield condition involves NP force parameters, the formation of a 
y Ie 1 d hinge in t roduces ,NP,' :ne;w, :un known, namely, tr"le plastic defor-
mation components at the hinge. The plastic deformation components at 
each yield hinge are determined up to a mUltiplying flow constant ~, by 
Eqo (2.38), The flow constants are then el iminated from the force-
deformation equations by applying equilibrium equation (2.40) at all yield 
hinges. 
3,2 Continuous Elastic Member 
Consider member AB shown in Fig. 3.1. For convenience the member 
and global coordinate systems are assumed to coincide. The member is 
loaded by concentrated loads PJ and by forces RAB and RBA at ends A and B 
respectively. If end A is displaced by an amount uAB ' the displacement 
uBA at end B is: 
(3, 1 ) 
where TAB = force transformation mati i x from B to,A. 
FBB = fl ex i b i 1 i t y matrix at B for membe r AB. 
FJJ = flexibility matrix at J for segment AJ. 
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NL = total number of loads PJ on the membe 
The matrix T~B translates displacements from A to S, 
It is conven~ent to define: 
NL 
U - Tt ~ P BA - ...L J B J J J J 
J=l 
where UBA = cantilever deflection at B due to loads 
Premultipl ication of Eq, (3,1) by F~~ = KBS ' and substitution of Eq, {3,2) 
yields: 
where KBB = stiffness matrix at B for member AS. 
The elastic distortion of member AB referred to B is the dis-
placement of B relative to A. It is defined by: 
E VBA = 
Substitution of this definition into Eq, (3,3) gives the following force-
deformation relationship for member AS) referred to B: 
(3,5 
The fixed-end-force vector at B is found by setting the membe 
distortion to zero in Eq, (3,5), and solving for the member force at B, 
Thus: 
c... 
_It U 
'''BB ·BA .v 
F 
where RSA = the fixed-end~force vector at 8, 
When the member loading and RB~ are known, the force at any other cross-
PI, 
section can be calculated using statics only. The number of components 
in the force vector equals the number of degrees of freedom, 
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3.3 Elastic Member with Releases 
Assume now that member AS in Fig. 3.1 has a total of NR releases. 
More than one release may occur at a given cross-section. Corresponding 
to the Kthrelease, assume a vector having the form: 
o 
'0 
o 
o 
NK has NF elements, where NF is the number of degrees of freedom. 
The only non-zero element is a 1 corresponding to the released force 
component. Thus, if the Kth release on a 6 degree-of-freedom member 
corresponds to torsional moment, the related vector is (see Section 1.4): 
o 
o 
o 
o 
(308) 
Under the action of the loads and end forces shown in Fig. 3.1, 
the ~e~be~ ~uffe~~ a di~to~tion VSA ' This distortion consists of two 
pa rts : E R VBA due to elastic deformation of the member, and VSA due to 
relative displacements at the releases. To satisfy compat.ibil ity: 
E VSA = 
Substitution of Eq. (3,9) into Eq. (3.5) then gives: 
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The member distortion corresponding to relative displacements at the 
releases is given by: 
whe re ~K scalar factor which gives the magnitude of the relat ve 
displacement at release Ko 
Subscript I represents the cross-section at which release K occurs" 
It is convenient to establ ish an NF x NR vector G, the Kth column 
of which is defined by: 
t TIBNK is the member distortion referred to B corresponding to a unit 
displacement at release K. If now the NR factors ~K are assembled fnto 
a col u m n ve c tor ,M, E q 0 O. 1 1) can be r eiN,r 1 t ten : 
R 
V BA = GM 
Substituting Eq. 0.13) into Eq. (3.10): 
The force vector at any cross-section I containing releases is found from 
statics to be: 
where NI = the number of loads PL on the member segment between Band 10 
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Substitution of Eq .. 0.14) into Eq. (3.15) gives: 
0.16) 
The fact that the member force component in the direction of any release K 
must have zero value is expressed by: 
o· 17) 
where, as before, I represents the cross-section containing release K. 
Sub s tit uti n g E q . O. 1 6 ) i n to E q. O. 1 7), and co n sid e r i n g e a c h reI e as e , t he 
fo1 lowing equations are obtained: 
0·18) 
K = 1,2, ... ,NR 
From Eq. 0.12) it can be seen that: 
0·19) 
where Gt = Kth row of the Gt matrix. K. 
For a given reJease K, the last term in Eq. (3.18) gives the force com-
ponent in the released direction due to loads between I and B. The 
corresponding force components for all releases can be assembled into a 
vector Q, the Kth element of which is defined by: 
(3.20) 
Employing Eq. (3.19) and Eq. (3.20), Eq. (3.18) can be written: 
0·21 ) 
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Def i ne:. 
(3022 ) 
Then, solving Eqo (021) for M yields: 
Since KBB 
t is symmetrical, G KSBG is also symmetrical, and hence so is the 
E mat r 1 Xo 
the f 0 1 1 0\1\/ 1 n g 
force-displacement relationships are obtained for the membe : 
From Eqo (3024), the stiffness matrix at B for the released member is seen 
to be: 
The fixed-end-force vector at Sis obtained by setting VSA to zero n Eqo 
0,24). It is given by: 
As for the continuous elastic member, the force vector at any ross= 
section can be calculated using statics when the member loads and RSA re 
known, 
From Eq, (3,25), the modified stiffness matrix 1S seen to be 
T 
symmetricaL Since KgB and E a,re symmetrical, so is the term KSBGEG K8B 
M 
and consequently KBB' 
3,4 Member with Yield Hinges 
For a member with yield hinges, the analysis procedure us in 
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this study requires a determination of: 
(a) the member forces and deformations required to draw the force 
vector at a given hinge a specified distance in from the yield surface 
tangent plane. 
(b) the incremental force-deformation relationships for the 
member as it is subjected to an external loading increment. 
Consider member AB in Fig. 3.2. Initially, the member is assumed 
to be loaded with concentrated loads PJ and end forces RAB and RBA . Under 
the action of this loading, it is assumed that the member has suffered a 
distortion VBA and that plastic hinges have formed at cross-sections K. 
An additional plastic hinge is about to form at I. 
3.4.1 Reduction of Force Vector at Plastic Hi.n~ 
Be for e the n ext ex t e rna I load i n gin creme n tis a p p 1 i edt 0 the 
member, it is necessary to draw the force vector at hinge I a distance hI 
back from the tangent plane where the force vector meets the yield 
surface in dimensional force space. If the ends of the member are fixed, 
the force reduction can be accompl ished by artificially imposing a pattern 
of plastic deformations at al I yield hinges on it. The plastic deformations 
induce elastic distortions in the member and end forces which in turn 
!l> 
produce the desired force reduction at hinge I. 
Assume that the increment of member distortion corresponding to 
the imposed plastic deformations Compatibil ity then requires that: 
a 
E 
where dVSA = the elastic distortion increment. 
The force increment vector at B is: 
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dRSA 
Substituting Eq .. 0,27) into Eq., 0,28); 
The plastic deformation increment vector at any yield hinge K was shown to 
be: 
Hence, the plastic member distortion increment is: 
where NH 
L 
P dV SA :::: 
number of plastic hinges on the member; including the new hinge 
Again employing Eq. (3.12), and defining M to be a vector of a] I 
flow constants ~K on the member, Eq. (3.30) can be written: 
P dVBA :::: GM 
Substituting Eq. 0.31) into Eq. (3.29), the force increment vector at B 
is thus: 
From statics, the force increment vector at any hinge K can then be 
written: 
To solve for M, Eq. (2.39) is appl led at the hinge new I, and 
Eq. (2.40) is appl led at all other existing hinges K. Then, substltu ng 
Eq. (3.33), the following set of simultaneous equations is obtained: 
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t 0 N 1 Tl BKBS GM = 
t 
NK T KBKBB GM 0 (3. 34) 
t 
NI T IBKBB GM = hi 
Aga i n Eq. (3.19) is emp 1 oyed, and the fo 11 ow i ng vector wh i ch has 
NH elements is defined: 
H = 
Then Eq. (3.34) can be written: 
Solving for M and employing Eq. (3.22): 
M = EH 
o 
o 
o 
o 
hi 
Finally, substituting Eq. (3.37). into Eq. (3.32) and Eq. (3.33) 
the force increment vectors at B and at a typical yield hinge K, can be 
written: 
(3.38) 
The force increment vector given by Eq. (3.38) produces a force 
increment vector dR
I 
at hinge I which has a projection of magnitude hi, in 
real force space, in the direction of the inwardly directed yield surface 
normal vector. In addition to the normal component, vector dR 1 has, in 
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general, a component paral leI to the yield surface tangent pJane. 
Simultaneously, vector dR BA produces force increment vectors dR K at a] J 
other yield hinges which are para] Jel to their appropriate yield surface 
tangent planes. 
If, instead of a fixed-ended member, a typical member of a 
structure is considered, the force reduction is achieved by applying ap-
propriate forces to the joints at the ends of the member. The joint force 
vector appl led at end B is the negative of the force increment vector given 
by Eq. (3.38). The force ve~tor app] led to the joint at the A end of the 
member is the static effect there of the force increment given by Eq. (3.38). 
The critical hinge is then inserted, the member stiffness matrix is modi-
fied as discussed in the next section, and a new 1 inear analysis of the 
structure is performed. 
The resulting force increment vector at the critical hinge there-
fore has two components: one corresponding to the f xed-end-force vector 
given by Eq. (3.38), and a second resulting from the displacements of the 
joints at the ends of the member due to the appl ied ]0 n forces. The first 
component above draws the force vector at the cri!ica 1 hinge requ red 
distance back from the yield surface tangent plane. As discussed n the 
next section, the second component is parallel to the yield surface t 
plane. Hence, the required force reduction at the c itical hinge :s 
achieved. 
The above procedure can be illustrated by considering the frame 
shown in Fig. 3.3(a). Under some external loading system, a plastic hinge 
is assumed to have just formed in the beam at point B. Thus, the locatior 
of the hinge I and the end B coincide, so that TIB is the iden ity rna x 
For simplicity, it is assumed that only flexura moment exists at B, 
that the unit normal vector therefore has the form: 
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0·40 ) 
It is desired to determine the joint forces at A and B which would draw 
the member force vector at B a distance h= .02 inward from the yield 
surface tangent plane in dimensionless force space. 
If M is the fully plastic moment capacity of the beam, the moment p 
at the hing.e is thus to be modified by: 
o 
o 
0.02M p 
For the beam, the E matrix, calculated from Eq .. 0.22), is: 
0·41) 
E = L/4EI 0.42) 
z 
where L = beam length. 
E = modulus of elasticity. 
I = moment of inertia of beam with respect to z axis. 
z 
The joint force required at Bis thus: 
AE 0 0 0 L 
12EI 6EI 
(4E\ x -::: 0 Z Z 0 ---
L3 L2 z 
-6EI 4EI 
0 z 
__ z 
-1 ---
L2 L 
.02M p) 
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L 
-.02M 
where A = cross-sectional area of beam. 
The joint force required at A is: 
p 
h \..J 0 
These joint forces are shown in Fig. 3.3(b), and the corresponding member 
for c e sob t a i ned from ali n ear a n a I y sis 0 f the s t r u c t u rea res how n i n Fig. 
3.3(c). The displacements of the structure are represented sche~atica1 y 
by the dashed 1 ines in Fig. 3.3 (b). 
3.4.2 Incremental Force-Deformation Relationships 
Having suitably modified the force vector at the new plastic hinge 
I in a member AB, as shown in Fig. 3.2, it is now necessary to determine the 
force-deformation relatidnships for the member as it is subjected to sub-
sequent incremental loads dPJ and incremental end forces dR BA and dRAB" 
Due to the incremental loading, the member undergoes a distor-
tion dVSA ' which includes an elastic component dV~Aj and a component SA 
c a use d by pIa s tic de for ma t ion a t the y i e I d h i n g e s " Com pat 1 b i 1 i t y r 12 q u : (e s 
that: 
. E dV BA 
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Analogously to Eq. (3.5), the incremental force vector at B is: 
0·45 ) 
where dU BA = cantilever deflection due to incremental loads on the member. 
Substituting Eq. 0.45) into Eq. 0.46) yields: 
The incremental plastic member distortion was shown to be: 
P dV BA = GM 
Th us, sub s tit uti n g E q . (3. 3 1 ), E q . (3 . 47) can be w r' itt en: 
From statics, the incremental force vector at any hinge K is: 
where NK = number of incremental loads dPL on member segment KB. 
Substituting Eq. (3.48) into Eq. (3.49): 
It was shown that at each plastic hinge K: 
0·47) 
0.31 ) 
o . 48.) 
(3.49 ) 
(3.50 ) 
(2.40 ) 
If, now Eq. 0.50) is substituted into Eq. (2.40), and all NH yield hinges 
on the member are considered, the following simultaneous equations are 
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obtained: 
t As in the case of releases, the vectors NKTKB are combined into a mat Ix 
Gt , using Eqo 00 19)~ and in a manner similar to Eqo (3020) a vector dQ 
is defined, the Kth element of which is given by; 
Equation (051) can now be rewritten in the following form: 
(3054) 
Finally, substituting Eq, (3,54) into Eq, (3048), the incremental force=' 
displacement equations for the member are: 
Comparison o.f.Eqo 0,24)an.d Eq.~ (3055) shows that the lncrementad force'~' 
deforma~ion relationships for a member n which yield hinges have formed 
are identical in form to the force-deformation relationships for a member 
with force releases, 
The incremental stiffness matrix at B is thus identical to the 
stiffness matrix derived for a member with release~ namely: 
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Similarly, the incremental fixed-end force vector is given by the following 
e.quation, which is identical to Eq, (3.26), except that forces, displace-
ments and loads are replaced by incremental values: 
(3.56 ) 
3.4.3 Elastic Return 
As a structure is being loaded, a change in load distribution or 
the formation of a plastic hinge at a particular location may cause one or 
more previously formed plastic hinges to unload and again become elastic. 
This phenomenon is referred to as elastic return. It occurs whenever there 
is a reversal in the direction of the plastic deformation increment vector 
at a yield hinge. It has be-en ,shown thaL.at .any ... ~,Las.:tich.Lnge, the"pJastic 
deformation increment vector is: 
Thus, elastic return at any yield hinge during a given load increment is 
signal led by a negative flow constant ~ at the hinge., 
Considering again member AS in Fig. 3.2, the vector of flow 
constants was shown to be: 
(3.54 ) 
Thus, to test for elastic return at any yield hinge on a member, it is 
necessary to calculate M from Eq. (3.54), and then to test the sign of each 
element of M in turn. 
If elastic return Js detected at any plastic hinge, the hinge 
must be removed and the member stiffness matrix recalculated to reflect 
its absence. 
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3.5 Member Instabil ity 
In genera), a member of a framed structure is subjected to a six 
component force vector at each of its ends, and the member distortion 
vector has six components. Ignoring the effects of appl ied member loads, 
the force vector at the B end of a continuous elastic member is the product 
of the stiffness matrix shown below and the member distortion vector 
referred to B. 
-
"I (1) 
_I 
-6E 
Z 
) 
L 
1 
-
'J -
I 
(4) (2) 
I 
-
"'\ 
-
4£ 
-
z 
-
--
-
(2 ) 
where G = shearing modulus. 
I = moment of inertia wi th respect to y-axis. y 
J = tors i ona 1 cons tant. 
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The stiffness matrix consists of the four uncoupled bands shown. 
This is evidence of the fact that axial force and torsional moment are 
each dependent on a sin4le distortion component only, while the flexural 
mom en t san d she a r s are coup led i n p air sin ban d s (2 ) and (3). Th e 
flexural moment and shear in each of bands (2) and (3) are 1 inear functions 
of a corresponding pair of distortion components. 
The' introduction of either force releases or plastic hinges into 
a member imposes additional conditions on the force components during 
subsequent loading. A force release sets a particular force component to 
zero at the ~eleased cross-section. Because of statics, a condition is 
imposed on the corresponding force component at B. For example, an axial 
force release at any cross-section sets the axial force at B to zero . . A 
release of the flexural moment about the z-axis at any section imposes a 
I inear relationship between that flexural moment and the shear in the y 
direction at B. 
It can be seen from Eq. (2.40) that a plastic hinge reduces by 
one the number of unknown force components included in the yield surface 
equation. For example, if the yield surface equation is expressed in terms 
of the axial force and flexural moment, Eq. (2.40) imposes a 1 inear rela-
tionship between these two force components at B. 
The above conditions on the force components are independent of 
the member distortions and depend only on the member geometry, statics and 
the yield surface equation. They are refl.ected in the modified member 
stiffness matrix. 
Since force releases simply set to zero individual force components, 
they tend to set to zero individual bands of the modified stiffness matrix. 
For example, a single axial force release zeroes column one, while, because 
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of the coup] ing in the elastic stiffness matrix, two releases corresponding 
to columns two and six (either flexural moment about z-axis, or direct 
shear in y-direction) are necessary to set band (2) to zeros, 
In contrast, plastic hinges produce further coup] ing of the bands 
of the st.iffness matrix, They tend to reduce the magnitudes of the main 
diagonal elements, and to make the modified stiffness matrix less weI I 
conditioned, 
Whenever n of the force components at S are coupled by n-l 
force releases or plastic hinges, n-1 of the components can be expressed 
in terms of the nth component which is dependent only on the nth distortion 
com po n e nt, Sin c e , i n g e n era 1, any 0 n e 0 f the for c e com p 0 n en t s can be 
selected as the nth, the n columns of the modified stiffness matrix must 
be proportional, Hence, any square submatrix involving two or more of the 
columns is singular, as is the entire modified stiffness matrix, The 
l n s e r t ion 0 f 0 n e fur the r for c ere .1 e a s e 0 r p I as tic h i n g e w h i c h est a b 1 ish e s 
an additional independent relationship among the force components then 
enables each component to be evaluated independently of the member distor~ 
tions, The modified member stiffness matrix thus reduces to a zero matrix, 
It can be seen from Eq, (3,56) that even when the modified 
M 
stiffness matrix KBS is reduced to zero, a member can sti 11 transmit 
app] led loads dPJ to its supports, Thus, the test for a zero'modified 
stiffness matrix cannot be used to detect instabil ity of a member due to 
any combination of force releases and plastic hinges, However, the matrix 
GtKssG is a convenient device for testing member stabil ity, 
Recall that 
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In Eq. (3.53) the M vector gives the magnitude of plastic deformation at 
each plastic hinge during a given loading increment. As long as the member 
is stable, the plastic deformations are al I finite, When the member becomes 
a mechanism, the plastic deformations become indeterminate, On the other 
hand, the right .side of Eq. (3.53) can be made arbitrarily small, For 
example, the relative distortion dV BA can be set to zero and smal J incre-
mental loads dPJ can be imposed. Thus, when the member becomes unstable, 
the GtKBBG matrix in Eq. (3.53) becomes singular, It is thus possible to 
determine whether or not a member has become a mechanism, by testing the 
determinant of the matrix GtKBBG. A similar argument can be appl led using 
Eqo (3,21), for a member with force releases, 
As an illustration, consider a plane frame member of length L, 
cross-sectional area A, moment of inertia I , and modulus of elasticity Eo 
Assume first that the member has an axial force release and moment 
releases at the two supports, The GtKBSG matr.ix for the released member is: 
0 0 .AE 0 0 L 
G tK G 0 0 0 12EI 6£1 = BB L3 L2 
0 L 0 
_ 6EI :4EI 
L2 L 
Then: 
0 0 
0 0 L 
0 
L/AE 0 
o L/3EI 
AE 
= 
o 
L/6£I 
L 
0 
0 
o L/6EIL/3~I 
0 0 
4£1 2E1 
L L 
"'" 
= 2EI ,4£1 
L L 
(3,58) 
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The modified stiffness matrix is thus: 
AE 
L 0 
0 
~B = 0 l2E1 6E1 L3 L2 x 
6£1 4E1 
0 L2 L 
~ 0 0 0 0 L/AE 0 0 0 0 AE 0 0 1 L 0 0 0 0 L 0 L/3EI L/6E1 0 0 0 12EI _ 6EI L3 L2 
0 0 0 l.:/6EI L:/3EI 0 L: o F 6EI 4EI ) L2 L 
o 0 0 
000 
000 
Assume next that an additional moment release is inserted at mid-
span. Now: 
0 0 AE 0 0 0 0 0 AE 0 0 0 L L 
t 0 -0 12EI 6EI 0 
4EI _2EI EI 
G KBBG = 0 --- 0 0 L L/2 = L L L L3 L2 2EI 4EI EI 
0 L 0 
6EI 4~J L L L ~ L/2 ~ 10 - L lJ ~ EI ~J L L2 L L 
(3.60 ) 
Since column four is equal to one-half of the sum of coLumns two and three,-
the above t G KBBG matrix is singular. Hence, the corresponding E matrix and 
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the member stiffness matrix do not exist, and the member behaves as a 
mechanism. 
It is readi ly se'pn that the stabi 1 ity criterion discussed above 
is not I imited to individual members, but can be appJ ied to a complete 
structure or to sub-assembl ies. For example, the structure in Fig. 3.3 (a) 
has three redundant force components (the~'ame number as af ixed beam) 0 
Hence, a total of four force releases or plastic hinges will make the 
structure a mechanism. 
CHAPTER 4 
ELASTIC-PLASTIC ANALYSIS PROCESS 
In this chapter, the problem definition, i"e., the specification 
of acceptable struct~re types and loading arrangements, and the specifica-
ti on of po ten t i a I p I as tic h i n gel oc a t ion s , i 5 fir s t 0 u t J i ned . Then t he 
steps of the analysis process are described, and finally, pertinent aspects 
of the analysis program are discussed. 
4. I Definition of the Problem 
The f01 lowing structure types are permitted: 
space frame 
plane frame 
plane grid 
Planar trusses and space trusses are excluded because it is assumed that 
for these structures, member buckl ing would preclude the formation of yield 
zones. However, since any number of member and joint releases may be 
specified, structures consisting of frames or grids with some pinned members 
and supports can be analyzed. Member releases are restricted to the cross-
sections at the ends of the member. Joint releases must be specified in 
the glohal coordinate system. 
The loading may consist of any combination of concentrated joint 
loads and concentrated loads on the members" Dist~ibuted member loads must 
be rep.laced by an appropriate arrangement of concentrated loads. For a 
space frame, the most general load vector has six non-ze'ro components, whi Ie 
the most general load vectors for the plane frame and plane grid each com-
prise three non-zero components" Any number of consecutive non-proportional 
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loading systems can be specified. The points of load appl ication do not 
have to coincjde for the different loading. systems. For example, one 
loading system may consist of concentrated loads on a particular group 
of members, while a second may involve loads on a different group of members, 
and a third consist of joint loads only. 
Al I potential plastic hinge locat.ions must be specified in 
advance. A potential plastic hinge must be associated with the point of 
app1 ication of every member load. Hence, the point of appl ication of 
every member load for each loading system must be specified at the outset. 
If a plastic hinge is anticipated at an unloaded point, a zero load vector 
is automatically applied there, as illustrated by loads PI' Pz and P4 in 
Fig. 4. I. Situations may arise where the force vector on one side of a 
given member load is identical to that on the other side except that some 
of the components are reversed in direction. In this case, two p.lastic 
hinges with dJfferent characteristics may form on the two sides of the 
load vector. In such a case, it is necessary to specify a second, unloaded, 
potential hinge location to coincide with the load point. Every potential 
hinge location is assumed to 1 ie between the point of appl ication of its 
associated loa~ and the A end of the member, as ~hown in Fig. 4.1. The 
second potential plastic hinge at a given load point must therefore be 
numbered in such a way that it is located between the load and end B. An 
example of correct number.ing is shown in Fig. 4.1, where the unloaded 
hinge (2) has a lower number than the loaded hinge (3). 
4.Z Analtsis Procedure 
The i t era t i ve a n a 1 y sis pro ce d u r e , aft era p pro p ria t e i nit i a liz a -
t ion, con sis t s 0 f rep eat e d c y c I e s 0 f the f 0 I 1 ow i n g s t e p s : 
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linea r ana 1 ys is 
calculation of minimum load factor 
test for elastic return 
modification 
test of termination criteria 
A block diagram of the analysis process is presented in Fig, 4,2, 
and the i n d i v i d u a J s t e p s are dis c u sse din the f 0 1 J ow i n g sec t ion s , 
4,2.1 Initial ization 
The initial ization consists of specifying the type of structure 
and its characteristics, the material properties, the potential plastic 
hinge locations and the loading systems, and then setting to zero all 
cumulative loads, forces and displacements. If no structure type is 
specified the structure is treated as a space frame, The characteristics 
of the structure are described by means of a member incidence table which 
establ ishes the topology~ a table of joint coordinates which establ ishes 
the geometry, and a table of member cross-section properties. The tabulated 
cross-section properties consist of two types of information: (i) the 
cross-sectional area~ torsional constant and moments of inertia with respect 
to the y and z axes needed for the computation of elastic properties; and 
(i i) the designation of the cross-section type and additional dimensions 
such as depth width and flange thickness necessary for the calculation of 
the fully plastic force parameters. 
Unless specified otherwise~ the yield stress for the material is 
taken as 36 k.s,i" the modu:lLJs~-of elasticity as 30,000 ksi, and the 
shearing modulus as 12,000 ks i, All loads are assumed to be in kips:, and 
all distances in feet, except for cross-sectional dimension, which are in 
inches. 
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Force and joint releases are specified in a table which lists 
the member or joint number for each released member or joint and a list of 
zeroes or ones to indicate non-released and released force components, 
respectively. All force releases on a given member are specified by a 
s Ingle member release. For example, if the thi rd member release in a 
structure involves a moment release with respect to the z-axis at end A, 
and a torsional moment release at end B of member seven, it is specified 
by: 
MEMBER.RELEASE(3) 7 000 0 0 I 0 0 0 I 0 0 
The first digit above refers to the member number, and the last twelve to 
the twelve possible force components at its ends. 
The potential plastic hinge locations are specified by two lists. 
The first of these gives the number of potential plastic hinge locations 
on each member, while the second ~pecifies the distance of each potential 
hinge from the B end of the member on which it occurs. 
For each loading system, the points of load appl ication (which 
are potential plastic hinge locations in the case of member loads, and 
joints in the case of joint loads) of the non-zero load vectors are 1 isted 
along with the corresponding set of load vectors. Joint loads and member 
loads are 1 isted separately. 
4.2.2 Linear Analysis 
The stiffness method is employed for the I inear analysis. In a 
given cycle, the analysis is performed either for a single set of joint 
force vectors, or simultaneously for two separate sets. The first of these 
always represents the current external load increment. When any load system 
is initially appl ied, the load increment is simply that 5 
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load factor for this load increment is less than 1.0, the load increment 
for the next cycle is (1.0 - load factor) times the previous increment. 
The load increments are obtained in this fashion until the load system has 
bee n com pIe tel yap p 1 i edt 0 the s t rue t u r e (i n die ate d by a I oa d fa c tor 0 f 
1.0 or greater) at which time the next load system is used. 
A second set of joint forces is used only if a plastic hinge has 
become critical (the force vector has reached the yield surface there) in 
the previous cycle. It cons ists of forces appl led to the joints at the 
ends of the critical member (the one containing the critical hinge) only, 
and is used to reduce the force vector at the critical hinge, as discussed 
in Section 3.4.1. In the block diagram of Fig. 4.2, the index K, which 
takes on a value of either I or 2, is used to designate the number of sets 
of joint forces to be considered in the I inear analysis. 
4.2.3 Calculation of Minimum Load Factor 
When a single set of joint force vectors has been consid~red in 
the linear analysis, the analysis is followed by the evaluation of the 
minimum load factor for the load increment. This load factor is the 
minimum of the load factors calculated for al I potential plastic hinge 
locations in the structure. It is obtained by considering each potentla] 
plastic hinge location in turn, employing the procedure discussed in 
Section 2.5 to calculate the load factor for that location, and retaining 
the minimum value. In the load factor calculation, the norma] ized force 
vector, r, in Section 2.5 results from the cumulative loading on the 
structure, while the current load increment gives rise to the force 
increment vector dr. In addition to the minimum load factor, the designation 
of the critical plastic hinge, the critical yield surface element on that 
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hinge, and the critical member are retained for later calculations. 
4.2.4 Test for Elastic Return 
The next step in the analysis process is to test whether the 
current load increment has caused elastic return at any previously formed 
plastic hinge. The flow constant vector M is calculated for each member 
containing plastic hinges. If elastic return is detected at any plastic 
hinge, the hinge is removed, and the member stiffness matrix is recalcula~ 
ted for the member with that hinge removed. In addition, the joint forces 
at the ends of the member, which include the effects of any loads on the 
member, are recalculated using the corrected stiffness matrix. Then, the 
structure is reanalyzed for the same external loading as previously, a new 
minimum load factor is calculated, and a new test made for elastic return. 
4.205 Modification 
When no elastic return is detected, the modification phase is 
initiated. The modification procedure depends on the value of the minimum 
load factor for the current cycle. If the minimum load factor is greater 
t han La 0; the en t;Lre,.lbad J,,(lgJ;:H rtc"relli-ePt: tm, .be·! e;d~~ 
modification of the stiffness characteristics of the structure. 
Accor:dingly, the cumulative member forces and loads, joint forces, loads, 
displacements and reactions, and the plastic hinge distortions are 
incremented by the appropriate values obtained from the 1 inear analysis. 
Since no plastic hinge has become critical in the cycle, the value of K is 
set to so that only one set of joint forces will be used in the next 
I inear analysis. Then the termination criteria are checked, and if the 
analysis is to be continued, the next load system is appl ied and a new 
analysis cycle initiated. 
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If the minimum load factor has a value of 100 or less, the cumu-
lative loads, forces, reactions, displacements and plastic hinge 
distortions are incremented by the product of the minimum load factor and 
the cor res po n din g val u e s from the lin ear a n a 1 y sis 0 The c r i tic alp 1 as tic 
hinge is then inserted or modified by evaluating the yield surface normal 
vector at that location, and the appropriate member stiffness matrix and 
joint force vectors are modified, Next, the joint force vectors necessary 
to reduce the force vector at the newly formed hinge are generated, as 
described in Section 304010 The value of the index K is then set to 2 so 
that this set of joint force vectors wi) I be incorporated into the next 
1 inear analys iso The termination criteria are then appl iedo If a con-
tinuation of the analysis is indicated, all external incremental loads 
and the corresponding joint forces are prorated by the factor (1.0 -
minimum load factor), and the next 1 inear analysis is beguno 
When the minimum load factor is 100 or less in a given cycle, 
the modification procedure is not completed until the subsequent 1 inear 
analysis is completed. Immediately after the 1 inear analysis, index K is 
testedo If its value is 2, indicating that the second set of joint force 
vectors has been incorporated, the cumulative member forces, joint dis-
placements and reactions, and plastic hinge distortions are incremented by 
the corresponding values from the analysis for the second force set. This 
completes the required force reduction at the plastic hinge that was 
critical in the previous cycle. 
If index K has a value of 1 when tested, the above incrementing 
procedure is bypassed. 
In some instances, two plastic hinges tend to form simultaneously, 
Since provision is not made for simultaneously inserting two or more 
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plastic hinges, the hinges are inserted consecutively. The artificial force 
reduction at the first hinge, after it has been inserted, sometimes causes 
the force vector at the location where the second hinge is about to form to 
proceed sl ightly beyond the yield surface. To avoid any difficulties due 
to a negative load factor (which results when the force vector extends 
beyond the yield surface), a negative load factor is automatica] ly replaced 
by zero. Thus, the second hinge is inserted with a minimum load factor of 
zero, and the subsequent force reduction at the hinge draws the force 
vector back inside the yield surface. 
4.2.6 Test of Termination Criteria 
Several different termination criteria are necessary n an elastic-
plastic analysis process. Often one or more partial collapse mechanisms, 
each involving a single member or several members, form before an overa11 
col lapse of the structure is imminent. Termination criteria are required 
which distinguish between partial and total col lapse mechanisms, and 
initiate the appropriate action for each type. 
In this study, three separate failure criteria are employed. 
Whenever a new plastic hinge forms, or an existing one is modlf ed, the 
stabl] ity of the critical member is checked by testing the determinant of 
the GtKBBG matrix as discussed in Section 3.5. If the magnitude of the 
determinant is less than an arbitrarily assigned sma] 1 number, the member 
is removed from the structure. 
The above test detects local mechanisms resulting from the 
formation of several plastic hinges in a single member. It does not, 
however, detect single member collapse mechanisms involving plastic hinges 
in more than one member as shown in Fig. 403. Because the hinges do not 
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all occur in the same member, a displacement criterion is necessary to detect 
the local col lapse. Each member is considered in turn, and the rotations 
are calculated for the joints it connects. If the magnitude of the relative 
rotation of the joints exceeds a test value, the member is assumed to be a 
mechanism, and is removed ffom the structure. The test value must be 
specified as an input parameter, and it is anticipated that experience will 
provide a basis for specifying suitable values for various types of 
structures. 
The third failure criterion pertains to joint translations. In 
each analysis cycle, the absolute magnitude of the translation of every 
joint (obtained as the square root of the sum of the squares of the 1 inear 
displacement components) is calculated and compared to a test value. If 
the test value is exceeded at any joint, the joint and all incident members 
are removed from the structure. The test value is again arbitrarily 
specified. 
The procedure in removing a member is implemented by inserting 
zeroes in the appropriate row of the member incidence table and in the 
corresponding joint incidence table which is generated by the analysis 
program. The presence or Bbsence of any member can be ascertained by 
interrogating these tables. A joint is removed by inserting a zero in the 
proper location in a I ist which gives the number of members incident on 
each joint. 
Whenever a member is removed from the structure, a check is made 
of the number of members incident on each joint it connects. If the 
removal of any member leaves a single member incident on a joint, that 
joint and the remaining incident member are also removed. Thus, the removal 
of a single member or a single joint from a structure may occasion the 
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removal of a string of members and joints, or some other type of subassembly. 
To illustrate this process, consider the structure shown in Fig. 
4.4 (a). Ass ume firs t that membe r lis to be removed. The remova 1 of membe r 
leaves only member 3 incident on joint 1. Hence both member 3 and joint 
are removed also, and the remaining structure is as shown in Fig. 4.4(b). 
Assume next that joint 6 is to be removed from the new structure. Its 
removal causes members 5, 7, 8 and 11 to be deleted. The removal of 
member 8 causes member 12 to be removed also, and the removal of member 5 
results in members 2 and 4 being removed. The structure of Fig. 4.4(b) is 
thus reduced to that of Fig. 4.4(c). 
It is seen from the above illustration, that the joint trans-
lation criterion is capable of signal 1 ing the collapse of various types of 
subassembl ies. A total col lapse is assumed to occur when all joints and 
members have been removed from the structure. 
When a member or a joint are removed, the appropriate cumulative 
loads, forces, distortions, reactions and displacements are retained for 
it. However, the removed element is excluded from all subsequent linear 
analyses, and no further loading increments are appl led to ita Further~ 
more, potential plastic hinge locations on removed members are excluded 
from subsequent load factor calculations. 
In addition to the failure criteria, one further termination 
criterion is employed. If all loadings have been appl led without a com-
plete collapse of the structure, a message to this effect is printed and 
the analysis process is terminated, 
4,3 Computer Program 
With the exception of two FORTRAN subroutines, the elastic-
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plastic analysis program has been written in the POST (for Problem-Oriented 
Subroutine Translator) language, This programming language has been 
described in References 28 and 29, It is noted here that the two aspects 
of POST that are of particular advantage in structural analysis problems 
are its built-in dynamic storage allocation capacity, and its imp1 led 
vector and matrix operation facil ities, The latter facil ity obviates the 
necessity of dimensioning matrices and vectors at fixed sizes, Thus, while 
6 by 6 member stiffness matrices are used in the analysis of space frames, 
they are reduced to 3 by 3 matrices for plane frames or grids. 
The 1 inear analysis portion of the program has been adapted from 
the POST-STRESS program written by Prof, J, W, Mel in. The load-displacement 
equations for the structure are solved by a Gauss e1 imination procedure 
which operates on matrices rather than scalar elements, One matrix 
equation, expressing all equil ibrium conditions at the joint, corresponds 
to each free or released joint in the structure. Storage is kept td a 
minimum by performing the complete el imination procedure on only one matrix 
equation at a time. Furthermore, only the non-zero band to the right of 
the main diagonal of the structure stiffness matrix is stored during the 
el imination. 
The subroutine for calculating load factors consists entirely of 
scalar operations, and is therefore written in FORTRAN. At present, POST 
does not have a facil ity for printing alphanumeric data: consequently, a 
second FORTRAN subroutine is used to output headings and messages. 
CHAPTER 5 
APPLICATIONS OF THE ANALYSIS PROCESS 
5.1 Introduction, 
In this chapter, a number of examples are presented to illus-
trate the app] ication of the analys is process developed in the preceding 
chapters. Examples have been selected which involve simple structures and 
loadings, but which illustrate several characteristics of structures 
loaded into the inelastic range, the important aspects of the analysis 
process, and some of the capabil ities of the computer program which per-
forms the analysis. 
A detailed tabulation and discussion of results is presented for 
the first example only. The tabulated quantities are presented in a 
format that is quite similar to the program output. For the sake of 
simp] icity, only the non-zero load, force, displacement and plastic defor-
mation vectors are tabulated. For al I other examples, only selected data 
are presented and discussed. 
In all illustrative examples, loads and forces are expressed in 
kips and moments are ex.pressed in inch-kips. The material is assumed to 
have a modulus of elasticity of 30,000 k.s. i., a shearing modulus of 
12,000 k.so i. and a yield stress of 36 k.s. i. Linear displacement and 
distortion components are expressed in inches, and rbtational displacements 
and d.istortions are in radians. 
As discussed in Section 2.7, and expressed by Eq. (2.41), an 
artificial force vector reduction, hi, at the critical hinge of approxi-
mately two percent has been employed in all examples. The use of this 
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value permi,ts a relatively large deviation of the force vector from the 
yield surface at a ylelding hinge, and a smaller hi value may be necessary 
for more prec~se analyses; however, this value would probably be suitable 
for most design problems. This large magnitude was chosen for this study 
to better Illustrate the nature and effects of the force reduction at a 
critical hinge. 
5.2 Member Instabil lty 
The purpose of the first example is to illustrate the method of 
detecting member instabil ity due to the formation of plastic hinges, and 
to show the changes that occur in the member stiffness matrix as plastic 
hinges form . 
. Examp 1 e I: 
The structure to be analyzed is the plane frame shown in Fig. 5.1. 
In the figure, the joints are identified by the circled numbers and the 
member numbers appear adjacent to the arrowheads which indicate the member 
directions. The potential plastic hinge locations are indicated by the 
sma) J crosses on the members, and are numbered from 1 to 6. AI) members 
are assumed to have spherical yield surfaces, and to force a libeam type" 
failure, the fu] Jy plastic force parameters of member 2 have been set at 
ten percent of the corresponding parameters for members 1 and 3. 
The results for each analysis cycle are 1 isted in Table 3. In 
the table, the joint loads, reactions and ~isplacements are identified by 
the appropriate joint numbers. The tabulated member forces are those for 
the B ends of the members. The member loads and plastic hinge distortions 
are numbered to correspond to the potential plastic hinge locations shown 
in Flg. 5. I. All joint loads, displacements and reactions and all member 
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loads are referred to the global coordinate system, while member forces and 
plastic hinge distortions are referred to the appropriate member coordinate 
system. 
An analysis cycle involves the app] ication of an external load 
increment, and if necessary, the reduction of the force vector at the 
critical hinge. The pertinent structural quantities are 1 isted after each 
external load increment and after the force reduction at the critical 
plastic hinge. The minimum load factor is given for each analysis cycle, 
along with the identifiers for the critical hinge location, member and 
yield surface element, and the yield surface normal vector at the critical 
hinge. The modified stiffness matrix and the matrix GtKssG used in 
testing member stabil ity are also J lsted for the critical member. 
The degeneration of the stiffness matrix for member 2 can be 
traced in Table 3. The initial elastic stiffness matrix is typically well 
conditioned, and the axial force band is uncoupled from the moment-shear 
band. After the first plastic hinge has been inserted, the bands are 
coupled, the main diagonal elements are reduced in magnitude, and all of 
the two by two stiffness submatrices become singular. 
The stiffness matrix is reduced to a zero matrix (except for 
roundoff error) by the insertion of the third yield hinge. However, as 
discussed in Section 3.5, the member is still capable of transmitting the 
appl led member loads to members land 3. When the fourth plastic hinge 
forms, the matrix GtKssG for member 2 becomes singular, indicating that 
the member has become a mechanism. Since the modified stiffness matrix 
involves the inverse of the matrix GtKssG, it cannot be calculated. 
When the matrix GtKssG is discovered to be singular, member 2 is 
removed from the structure. Since the removal of member 2 leaves members I 
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and 3 "free standing", they are also removed, and a total co lapse message 
is printed. 
It can be seen from Table 3 that after the third plastic hinge 
has formed, the artificial force reduction at the hinge is accompanied by 
extremalylarge displacements and plastic hinge distortions which are 
geometrically impossible. The formation of the fourth plastic hinge 
requires additional large plastic hinge distortions. It s apparent there~ 
fore that while member 2 does not become a true mechanism until the 
formation of the fourth plastic hinge, it is for all practical purposes a 
mechanism after the insertion of the third plast c hinge. Itis thus con-
cluded that while in some instances instabil ity c iteria based on a count 
of plastic hinges may be suitable, failure c ceria based on structural 
deflections and plastic hinge distortions are generally more satisfactory. 
Because of the extremely large increases in the disp acements and plastic 
distortions near collapse, the calculated col.1apse loads are insensitive 
to variations in the specified displacement or distortion limits. 
The fuJ ly plastic flexural moment and ax a] force parameters for 
member. 2 were specified to be 250 inch-kips and J20 kJps respect vely. 
From Table} it can be seen that plastic hinges form at the A and 8 ends 
of the member at flexural moments of 249.89 nch-kips and 249.95 nch-
kips and axial forces of 3.52 kips and 2.49 kips, respectively. The sma! 
ax1al forces at the hinges are thus seen to cause a negl igible reduction 
in the flexural moment capacity of the section. 
An indication of the load-deflection behavior of the structure 
is given in Fig. 5.2, which shows a plot of vertical load on member 2 
relative end rotation of the portion of the member between the pJast c 
hinges 2 and 5. This rotation includes the elastic rotation of membe 2 
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and the total plastic rotations at hinges (3) and (4). The force reduction 
at the critical hinge is achieved by a i'relaxation" which involves plastic 
deformations at the yield hing.es with no increase in external load. This 
relaxation is reflected by horizontal segments of the load-distortion 
diagram. Due to the nature of the structure and loading, the segments 
corresponding to the force reductions at the first two hinges are very 
short, and thus are not easily discerned on the figure. Better illustra-
tions are presented for later examples, notably in Fig. 5.12. 
The sequence of formation of plastic hinges is indicated in Fig. 
503, along with plots of the normal ized force components p and m
z 
at the 
four plastic hinges. Because of the similarity of the plots for the four 
'hinges, two separate diagrams are presented. The circuiar yield curve is 
superimposed onto each of the diagrams. The plots are numbered according 
to the sequence of plastic hinge formation, and, where necessary, the sign 
of the m
z 
component is reversed to reflect al] of the plots into the same 
quadrant. It can be seen that as the loading increases, the force vector 
at each hinge proceeds to the yield surface. At hinges and 2, the force 
vectors are drawn back approximately two percent of their respective 
values, and the force increment vectors then proceed along paths para] 1e1 
to the appropriate yield curve tangents. The force reduction at the 
t 
third hinge is accompanied by a marked change in the axial force at the 
hinge, reflecting a large axial plastic distortion. The resulting large 
changes in the ax.ial forces at the other yield hinges are apparent. 
5.3 Effect of Yield Surface Shape 
As has been shown in Chapter 2~· the derivation of yield surface 
equations is quite compl icated except for very simple cross-sections. It 
is of interest, therefore, to determine whether or not the Joad=defJection 
behavior of a structure is sensitive to changes in the shape of the yield 
surface. If the behavior IS insensitive to varlat ons ln yield surface 
shape, then easily derived, approximate yield surface equations can 
legitimately be employed. 
Two aspects of the yield surface shape have a bearing on the 
analysis process. Firstly, since the surfaces all intersect the axes at 
coordinates ofN, the shape of the y eOld surface determines the radia'i 
distance from the origin to any given po nt on the surface. This distance 
in turn establ ishes the load level at which a particular yield h nge forms. 
Secondly, the normal vector, which is dependent on the shape of the yield 
surface, is used in calculating the modified tiffness matrix fa any 
member containing yield hinges. 
It is easily verified using the appropriate equations from Table 
I that for the plane grid, the approximate yield surface equations for all 
cross-section types degenerate into~ 
2 
m + 
z 
= 1 (5. 
Thus, the load-deflection characteristics of plane gr ds are independen 
of the shape of the three-dimensional yield surface n p-m =m space. y z 
the other hand, the behavior of plane frames and space frames loaded be 
On 
the elastic range is dependent on the yield surface shape. Two examples 
are presented to illustrate the sensitivity of the behavior of these two 
types to yield surface shape. In each example, similar loadings are 
app] led to two structurqs which are identical except for the member 
One of the structures has members of one of the types listed in Section 2.3, 
while the members of the companion structure are assumed to have idsntical 
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elastic section properties and fully plastic force parameters, but 
spherical yield surfaces. 
The loadings have been selected so as to produce appreciable 
axial forces at some of the yield hinges, thereby maximizing the dis-
crepancies between the sets of yield surfaces. 
Example 2: 
To illustrate the influence of yield surface shape for plane 
frames, the example shown in Fig. 5.4 is considered. The frame of 
structure 2(a) is assumed to be fabricated fr:om 6WF 20 sections, while 
for structure 2(b) all members are assumed to have spherical yield 
surfaces. 
The load-deflection behavior of the two structures is illustrated 
in Fig. 5.5, which sho\A?s plots of horizontal load at joint 1 vs. horizontal 
displacement of the joint. Figure 5.6 shows the sequence of plastic hinge 
formation and plots of the normal ized fqrce components p and m
z 
at the 
plastic hinges for structure 2(a). Similar information for structure 2(b) 
is presented in Fig. 5.7. The sequence of plastic hinge formation is seen 
to be the same for both structures. To faci] itate comparison, the yield 
curves for both structures are superimposed onto the plots of the 
normal ized force components in the two figures. The numbering of the force 
vectors corresponds to the sequence of plastic hinge formation. 
Since the elastic properties of the two structures are the same, 
the elastic portions of their load-deflection diagrams in Fig. 5.5 are 
identical. Furthermore, as can be seen from Figs. 5.6 and 5.7, the yield 
curves at yield hinge (1) for the two structures very nearly coincide. 
Hence, the load levels at the initiation of yielding in the two structures 
are almost identical. 
Be 
After the initiation of yielding, the two load-deflection curves 
separate. The reason can be seen by reference to Figs. 5.6 and 5.7. 
Because of the appreciable axial forces in members 1 and 3, the circular 
yield curve 1 ies considerably further from the orig.in than the curve for 
the I-shaped section at yield hinges (2), (3) and (4). Consequently, 
these hinges form at lower load levels for structure 2(a) than for 
structure 2(b). The reserve load capacities of the two structures after 
fi rst yielding are approximately proportional to the permissible increase 
in the 1 engths of force vectors (2), (3) and (4). 
The dimensional yield curve normal vectors at the plastic hinges 
and the elastic and modified stiffness matrices for the two structures 
are given in TabJe 4. It can be seen that the normal vectors, and hence 
the modified stiffness matrices, are extremely sensitive to changes in 
yield surface shape except when one force component dominates as is the 
case for plastic hinge 0) in member 2. However, the directions of the 
force vectors in Figs. 5.6 and 5.7 are almostidentica1, and it is conc uded 
that they are insensitive to variations in the member stiffness matrices. 
Furthermore, corresponding segments of the load-deflection curves in Fig. 
5.5 have approximately the same slopes,. and the curves appear to be 
similarly insensitive to variations in the member stiffness matrices. 
In order to obtain as much information as possible regarding the 
s~ructural behavior, the deflection failure criteria were bypassed in 
th~s example. After the insertion of the fourth plastic hinge (the hinge 
that transformed the structure into a true mechan.ism) neither equh:1 ibrium 
nor compatibility was maintained in the linear analyses. This phenomenon 
is attributed to the fact that the Gauss e1 imination performed on the load-
deflection equations yielded incorrect results because the structure stiff-
ness mat~ix was singular. 
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To further illustrate the influence of yield surface shape, two 
space frames of the type shown in Fig. 5.8 are considered. Each structure 
s loa d e d ass h Ol,vn i nth e fig u r e . S t rue t u r e 3 (a) i s fa b ric ate d 0 f 8 a 625 
0.0. pipe sections weighing 16.940 lb/ft. The members of structure 3(b) 
are assumed to have spherica1 yield surfaces. 
An indication of the load-deflection characteristics of the two 
structures is given in Fig. 5.9, which shows the sequences of plastic 
hinge formation, and plots of vertical "'oad on member 1 vs. ve tical 
deflection of joint As in the case of Example 2, the sequence of 
plastic hinge formation is the same for the two structures, and the load-
deflection diagrams have very similar shapes. Because the sphe ical yeld 
surface lies outside of the corresponding surface for the thin=walled 
circular section, larger loads are sustained in the inelast c region for 
structure 3 (b) than for structure 3 (a)" 
Fa the structures of the previous examples, the yield cond tons 
involved only two force parameters, and the corresponding yield curves 
could be conveniently plotted. On the other hand, the yield cond tons 
for the space frames considered in this example involve four force com-
ponents, and cannot be conveniently represented by two-dimensional 
diagrams. Consequently, the variations of the force components are 
illustrated by the diagrams presented in Fig. 5.10 and Fig. 5. )1, which 
involve plots of the normal ized force components at joint 2 vs. vertical 
load on member I for the two structures. Comparison of the f gures shows 
that the variations of the individual components are very similar for the 
two structures. This is further evidence of the fact that structural 
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behavior is insensitive to variations in the modified member st~ffness 
matrices resulting from variations in the yield surface normal vectors. 
Considerable force redistribution occurred for both structures, 
and in several instances, existing plastic hinges became critical and had 
to be modified. 
5.4 Force Redistribution 
The formation of plastic hinges in a structure causes a redis-
tribution of forces under subsequent loading. The reason for this 
redistribution is the fact that the force vector cannot proceed beyond the 
yield surface, and thus the force increment vector at each plastic hinge 
must 1 ie in the yield surface. In the approximate analysis process 
developed in this study, the force vector at a newly formed plastic h~nge 
is artificially drawn a specified distance back from the yield surface 
tangent plane. Subse.quent force increment vectors are then constrained to 
I ie in a plane parallel to the tangent plane until the yield su face is 
encountered again. The purpose of this section is to illustrate the growth 
of the force vectors at the plastic hinges as a force redistribution occurs 
in a structure. 
When the design of a structure is well balanced (the 10ad wh~ch 
causes formation of the first plastic hinge is almost as large as the 
total collapse load), and when one force component dominates at each cross= 
section, the force redistribution is very minor. HOfilll'ever, in plane 9 ~ds, 
where there is usually considerable interaction between flexural and 
torsional moments, considerable force redistribution can occur for some 
types of loading. 
B3 
Example 4: 
The structure in Fig. 5.B is considered again, but anaJyzed as a 
grid. The loading consists of a single 30 k load acting vertically downward 
at the midpoint of member I, Both members are B.625 in. 0.0, pipe sect ons 
weighing 16.940 Ib/ft. The appJ icable yield curve s the circle represented 
by Eq_ .1). 
Figure 5.12 shows a plot of vertical load on member] vs. 
ve tical deflection of joint 1. The effects of the artificial force 
reductions at the plastic hinges are clearly demonstrated by the hor zontal 
segments of the load-deflection diagram. 
The sequence of yield hinge formation and plots of the normal ized 
force components t and m at the plastic hinges are presented in Fig. 5.13. 
z 
As in the previous examples, the plots are labeled to correspond with the 
sequence of yield hinge formation, and for the sake of clarity two 
separate diagrams are used in plotting the force components. The curve 
for hinge (3) is dupJ icaied on the two diagrams, 50 that the two parts of 
the final mechanism can be studied separately. 
The force redistribution at plastic hinges ( ) and Is clea y 
illustrated in Fig. 5,13. At each of the two hinges, the force vector 
twice meets the yield curve, is drawn back from the appropriate yield 
curve tangent a distance equal to approximately two percent of the length 
of the force vector and then proceeds paralle1 to the tangent. After the 
formation of the third yield hinge, extremely large displacements and 
plastic h nge distortions occur, indicating, for a1 J practical purposes, 
a total collapse of the structure. 
It is of interest to consider the two segments of the structure 
bounded by the three p]astic hinges when collapse is imminent (i.e., at 
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the instant that the third plastic hinge forms)o Free=body diagrams of 
the two segments are shown in Figo 50140 For identification purposes, the 
joints and members are numbered as in Figo 5080 It is readily verified 
that bothse.gments, as well as the entire structure, are in equilibrium 
with the app) led loado 
This example illustrates that good accuracy is maintained in the 
analys is process despite a drastic redistribution of forces in the 
structureD 
505 Variation in Loading History 
The examples of this section are presented to illustrate the 
app] ication of the analysis process to problems involving non-proportional 
loading, and to give an indication of the effect of loading history on 
the load-deflection characteristics of structures loaded beyond the elastic 
rangeo 
Each time a new plastic hinge forms in a structure, the 1oad-
deflection characteristics of the structure are modifiedD Consequently, 
the behavior of a structure during any loading history depends mainly on 
the sequence of yield hinge formationo While the force-deformation 
characteristics of a given plastic hinge vary somewhat with the loading on 
the s t r u c t u r e , i t ha s bee n d em 0 n s t rat e din Sec t ion 5 0 3 t hat the 0 ve r all 
structural behavior is insensitive to these variationso Hence, the load= 
deflection behavior of a given structure at any time during the loading 
history dep~nds primarily on the locations of the plastic hinges, and any 
two loading histories that produce the same sequence of plastic hinge 
formation will result in similar load-deflection characteristicso 
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Examples 5(a) and 5(b): 
The plane frame shown in Figo 5015 is considered. The frame is 
fabricated from & WF 20 sections, and the supports are fixed. For 
example 5(a), the loading consists of the two symmetrical 1y placed 21.5 k 
loads shown, appJ led simultaneously. In example 5(b), the load on the 
left is applied first, and then the load on the right is superimposed. 
Some of the results of the analysis are presented in Fig. 5.16. 
The sequence of plastic hinge formation and plots of total vertical load 
on member 2 vs. relative rotation of its ends are given for the two 
loading histories. 
Because of the similarity of the sequences of plastic hinge 
formation, the load-distortion diagrams for the two loading histories are 
very similar in shape. The curves separate immediately after the 
initiation of yielding because two hinges form simultaneously for the pro-
portional ~ymmetric) loading case, while a singJe hinge forms initially 
for the non-proportional loading. This difference results in the short, 
relatively steep segment of the curve for the latter loading. After the 
second hinge forms for the non-proportional loading, the two curves very 
nearly coincide, reflecting the identical arrangement of plastic hinges. 
The load-deflection curves for the two loading histories again 
diverge as the respective collapse loads are reached. The collapse load 
for the proportional loading history is three percent higher than that for 
the non-proportional loading. This difference can be explained by first 
noting that for each loading history, extremely large displacements and 
plastic h~nge distortions occurred after the formation of the third 
plastic hinge. Thus, for all practical purposes, collapse occurred with 
the formation of the third plastic hinge, and a fourth hinge did not form. 
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For the two loading histor es, the loading and bend ng moment 
diagrams for member 2 at collapse are shown in Fig. 5.17. There are two 
reasons for the discrepancies between the values of the ve and 
negative bending moments shown. Firstly, the p astic hinges at the ends 
of the member have experienced the a tificial two percent force reduction, 
while the interior hinges have not. Second y, the hinges at the ends of 
the member form in members 1 and 3, and are therefore subjected to 
appreciable axial forces which reduce the moment capacity. It can be seen 
from the bending moment diagrams that the larger load is sustained for the 
proportional loading case because thefurce vector at each load po nt 
reaches the yield surface. For the non~'proportional ioad!ng~ the force 
vector at the point of app) ication of the smaller load does not reach the 
surface. 
The discrepancy between the calculated col lapse loads occurs 
because of the assumption that each plastic hinge forms at a single cross-
section and has no spread length along he member. For an actuaJ 
s t r u c t u r e , the dis c re pan c y ~?o U J d be ins g n i fie ant be c au set he 1 ncr ea sed 
load for the proportional loading case would be achieved only at the 
expense of large deflections. Thus, for all practical purposes the 
colJapse loads wouJd be the same. 
5.6 Repeated Load[ng 
A problem that sometimes occurs in connection with structures 
subjected to repeated loads is that of determin ing the sha,/C!,nn,,;o''-' loading. 
The shakedown loading is the maximum loading range that can be app) led 
repeatedly without causing plastic deformations in the structure to 
increase without J imit. In this section, two examples are presented to 
87 
provide an approximate check on the calculated shakedown load for a 
structure and to illustrate the behavior of the structure when it is sub-
jected to repeated loads having ranges greater than and less than the 
s ha kedown load. 
Examples 6(a) and 6(b): 
The two-span simply supported beam shown in Fig. 5.18 is con-
sidered. In example 6(a), the beam is subjected to repeated cycles of the 
k loading shown in the figure, with P = 17.7. The loadings shown are 
cumulative" that is the load that is shown in Fig. 5.18(b) has the effect 
of balancing, or removing, the load in Fig. 5018(a), 
The loading for example 6(b) is similar to that employed in 
example 6(a), except that a value P = 19 k is used. The shakedown load 
for this structure and loading sequence as calculated by Massonnet and 
S (26) ave, is 18. 1 kips. 
The load-deflection behavior of the structure for the two loadings 
is illustrated in Figo 5.19 and Figo 5020. In Fig. 5.19, the relative 
rotation of the ends of member I and the plastic rotation at yield hinge 
(2) are plotted vSo the sum of the absolute values of the applied loads 
for example 6(a)0 Similar information for example 6(b) is presented in 
Fig. 5.20, which also includes a plot of the plastic rotation at yield 
hinge (I). 
A good indication of the shakedown phenomenon can be obtained 
from a comparison of the two figures. For the 17.7 kip loading, a plastic 
hinge forms at the center of the left span (potential hinge location (2) 
in Fig. 5.18) as the first load is being appl jed to that spano As the 
remainder of the 1707 kip load is appl led, the hinge undergoes a small 
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plastic rotational deformation, as indicated in Fig. 5.19. Then, as the 
next load is appl led,' effectively removing the first from the structure, 
elastic return occurs at hinge (2), and the hinge is removed from the 
structure. After the second load has been app] ied, the net loading on the 
beam is zero, and the plastic distortion at hinge (2) has caused the beam 
to assume a new zero-load configuration. For this new configuration, 
subsequent loading ranges can be sustained elastically, and no further 
plastic deformation occurs in the structure. 
For the 19.0 kip loading, a larger plastic distortion at hinge 
(2) accompanies the first load appl ication, as can be seen in Fig. 5.20. 
This plastic distortion is accompanied by a large increase in moment at 
joint 2. The removal of the initial load causes elastic return to occur 
at hinge (2), and ibe hinge is removed. However, the moment increase at 
j 0 i n t 2 '1 s s u f f i c i en t 1 y 1 a rg e to cause a p 1 as tic h 1 n g e to form at 
location (I) under the subsequent loading, which includes loads on each 
span. The plastic distortion which occurs at the new hinge is accompanied 
by large moment increases at the mi~spans of both beams, and under sub-
sequent load, a hinge again forms at location (2) and it undergoes furthe 
plastic distortion. 
Additional cycles of loading and unloading are accompanied by 
alternate plastic hinge formation and removal at potential hinge locations 
(1) and (2). Each time a plastic hinge forms, it undergoes an additional 
increment of plastic distortion. Hence, the beam deflectjons and plastic 
hinge distortions increase without I imit as the beam is subjected to 
repeated load cycles. 
It should be noted that the procedure employed in this study to 
reduce the force vector at the critical hinge introduces additional 
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plastic distortions at that hinge, thereby increasing the forces at other 
potential hinge locations. As a result, a divergence of the deflections 
and plastic hinge distortions is indicated for loading ranges sl ightly 
below the "correct" shakedown loading. 
In the examples presented in this section, no account was taken 
of the reduction of the elastic range of the material due to the Bauschinger 
effect. Hence, before concluding that the structure would shake down under 
the loading of example 6(a), it would be necessary to determine by an 
auxi 1 iary calculation that the maximum range in momen;t does not exceed the 
reduced elastic range. 
5.7 Detection of Partial Col lapse Mechanism 
In this section, an .illustration is given of the joint trans-
lation failure criterion employed in this study. The criterion allows a 
distinction to be made between partial and total collapse mechanisms. 
When any joint deflects excessively, that joint and the incident members 
are removed from the structure and the analysis of the remaining structure 
continues until a total collapse occurs. 
Example 7: 
The structure shown in Fig. 5.21 is loaded by the three joint 
loads shown. All members are 8.625 inch 0.0. pipe sections weighing 
19.639 lb/ft. To illustrate the appl ication of the joint translation 
failure criterion, a joint translation 1 imit of 2.5 inches is speciJied~ 
When any joint experiences a 1 inear displacement component greater than 
this specified value, it is .removed from the structure, along with its 
incident members. Since the structure behaves as a plane grid, it has 
only one linear displacement component, that in the y-direction. 
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An indication of the behavior of the structure is given in Fig. 
5.22, which shows the £equence of plastic hinge formation, and plots of 
vertical load on the structure vs. vertical displacement at joints 1 and 
2. As would be expected from a consideration of the loading, plast c 
hinges form first in the members incident on joint 2. It can be seen 
from the load-deflection diagrams that after two load increments, the 
deflection at joint 2 exceeds the specified 1 imit. Thus, at the end of 
the second analysis cycle, the joint is removed along with its incident 
members 2, 5 and 6 (shown dashed in Fig. 5.22). The analysis of the 
remainder of the structure is then continued until the end of the fourth 
cycle, in which the deflections at joints 1 and 3 exceed the 2.5 inch 
1 im it. 
It can be seen that the slope of the load deflection diagram 
for joint increases s1 ightly after the second analysis cycle in which 
joint 2 has been removed from the structure. The reason for this 
phenomenon is the modification of the oad distribution for the ning 
structure after joint 2 and its incident members have been removed. 
During the first two analysis cycles members 5 and 6 exert increasing 
flexural and torsional moments and vertical shears on joints 1 and 3 
respectively. These moments and shears cant !bute to the vert cal def~ec= 
tions of the joints. After members 5 and 6 have been removed joints 
and 3 carry increasing vertical loads, but the moments appJ led by the 
removed members remain static, and the slope of the load-deflection diagram 
is thus increased. 
In Fig. 5.23, diagrams of norma) ized flexural moment m at 
z 
various locations vs. vertical load on the structure are plottedo The 
plotted moments at joints 2 and 6 are seen to increase most rapidly, and 
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the curves terminate at the end of analysis cycle 2, with the removal of 
members 2, 5 and 6. The moment at joint 1 is seen to decrease after the 
removal of the above members. The reason for the decrease is the fact that 
the moment exerted on the joint by member 5 is assumed to remain static, 
while due to the increased vertical load on the joint, the torsional moment 
in member 1 increases. Since this moment acts in the opposite direction 
to that of the flexural moment from member 5, the net flexural moment to 
be resisted by member 4 at joint 1 is reduced. 
5.8 l:..c2.p.£.!::..tional ly Loaded Space Frame 
In order to present as much pertinent information as possible, 
and to keep extraneous data to a minimum, all examples thus far considered 
have involved relatively simple planar structures. In this section, a 
final example is presented to illustrate an appl ication which is more 
typical of those for which the analysis process has been developed. 
Example 8: 
The space frame shown in Fig. 5.24 is loaded by the four 20 kip 
loads shown. The coordinates of all joints, expressed in feet, are given 
adjacent to the joints. All members are 8,625 inch 0.0. pipe sections 
weighing 19.639 lb/ft. Support joints 9, 10, 11 and 12 have moment release 
with respect to the X and Z global coordinate axes. Advantage was taken of 
the symmetry of the structure and loading, and only one quarter of the 
structure was analyzed. 
Some aspects of the behavior are illustrated in Fig. 5.25, which 
shows the sequence of plastic hinge formation and plots of vertical load 
vs. the defection components at joint 2. Because of symmetry, the plastic 
hinges labeled (I) formed at the same load level, as did those labeled (2). 
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Extremely large displacements and plastic hinge distortions ensued after 
the formation of plastic hinges (2). 
It is of interest to examine how well symmetry of forces is main-
tained during the analysis. Figure 5.26 shows a free body diagram of 
joint 2 at a load level corresponding to the formation of plastic hinges 
2. The member forces shown are expressed in the appropriate local 
coordinate systems. A statics check reveals that equll ibrium is maintained 
and it can be seen that corresponding force components agree well for the 
two members meeting at the joint. 
A plot of the normal ized force parameters at plastic hinges (1) 
(the plastic hinges which formed first) vs. the vertical load at joint 2 
is presented in Fig. 5.27. While flexural moment m dominates, significant 
z 
increases in m and t occur after the formation of plastic hinges (1). y 
CHAPTER 6 
CONCLUSIONS AND SUGGESTIONS FOR. FURTHER STUDY 
60 I Conclusions 
A general incremental analysis procedure has been presented for 
the elastic-plastic analysis of framed structures loaded by consecutive, 
not necessarily proportional loading systems, Proportional and repeated 
loadings can be treated as special caseso The analysis yields much useful 
information regarding the behavior of the structureo The sequence of 
plastic hinge formation is indicated, and at each stage of loading the 
member forces, joint displacements and reactions and the plastic hinge 
distortions are giveno Furthermore, the procedure includes provisions 
whereby unstable members or subassembl ies can be removed and the analysis 
of the remainder of the structure continuedo 
A procedure has been outl ined for deriving approximate lower 
bound yield surface equations, and equations presented for commonly used 
doubly symmetric structural cross-sectionso The approximate yield surfaces 
are in good agreement with experimentally obtained valueso 
In the incremental analys.is process, the yield surface is piece-
wise 1 inearized by artificially drawing the force vector back a specified 
distance, hi, when it meets the surface, and then constraining the force 
increment vector to proceed paral leI to the yield surface tangent plane 
until the surface is again encountered. In order to clearly illustrate the 
force variation at a yielding hinge, a relatively large hi value of 
approximately two percent of the length of the force vector has been used 
in the illustrative examples of this study. For precise analyses, a 
smaller value would be more suitableo 
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Plastic hinges and force releases both tend to reduce the stiff-
ness of a continuous elastic member. While force releases tend to reduce 
individual bands of the member stiffness matrix to zero, plastic hinges 
general Jy tend to couple the bands and make the matrix less well con= 
ditionedo When the number of force releases and plastic hinges in a member 
equals the number of degrees of freedom, the member stiffness matrix is 
reduced to a zero matrixo However, the member is still capable of trans-
mitting loads to its supports, The insertion of one additional hinge or 
release makes the member a mechanism, In the analysis formulation 
presented in this study, plastic hinges and force releases have been 
handled by the same procedure, A criterion has been presented for testing 
whether a member has become a mechanism due to the presence of any com-
bination of plastic hinges and force releaseso 
Two types of failure criteria should be employed in an elastic-
plastic analysis processo A member stabll ity criterion, based either on 
t 
member distortions or the matrix G KSSG for the member is suitable for 
detecting a col lapse involving a single member, A joint displacement 
criterion is suitable for indicating instabil ity of a subassembly or the 
whole structureo Since displacements and plastic distortions generally 
become extremely large before a structure becomes a true mechan1sm, failure 
criteria based on counts of plastic hinges are generally unsatisfactoryo 
Plastic hinge distortions and joint displacements increase 
abruptly and become extremely large just before the col lapse load is 
reachedo Consequently, if a collapse criterion based on plastic hinge 
distortion or joint displacement is employed, the selection of precise 
distortion and displacement 1 imits is not essential since the calcuJa 
col Japse load is insensitive to variations in the 1 imitso 
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Two aspects of yield surface shape influence the load-deformation 
characteristics of a structure: 
(a) The load level at which a given plastic hinge forms depends 
on the radial distance from the origin of the force space to the point 
where the force vector meets the yield surface. The increase in load level 
between the formation of consecutive yield hinges is approximately pro-
po tiona] to the length of the force increment vector at the next critical 
hinge. Thus, in general, the ultimate load for a structure increases with 
an increase in the convexity of the yield surfaces for its members. For 
this reason, the use of the approximating spherical yield surface produces 
calculated ultimate loads which are unconservative. 
(b) The yield surface normal vector and, through it, the modified 
member stiffness matrix, are sensitive to changes in the yield surface 
shape. However, the overal I structural behavior is insensitive to 
variat ions in the mod fied member stiffness matrices, and is thus little 
affected by differences in the normal vector for different yield surfaces. 
Therefore, a smooth, concave approximate yield surface which is at all 
points close to the true yield surface, may be satisfactorily employed in 
the analysis process. 
At any time during the loading history, the load-deflection 
characteristics of a yielding structure depend primarily on the arrangement 
of plastic hinges, rather than on the variation of the characteristics of 
individual hinges. Therefore, loading histories which produce similar 
sequences of plastic hinge formation generally result in similar load-
deflection behavior. 
The extent and nature of the force redistribution in a yielding 
structure depend on the nature of the loading, the type of structure and 
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on how we] 1 balanced the design iso Generally, however, a greater read-
justment of force components occurs for structures where the major inter-
action is between moment components, than for those which involve an 
interaction between moment and axial forceo 
It has been verified that when a structure is subjected to repeated 
cycles of loading that cause plastic distortions, the deflections of the 
structure and the plastic distortions either stabilize or continue to increase 
without] imit, depending on the loading range. For loading ranges below 
the shakedown value, the plastic distortions permit force redistributions 
which eventually shift the elastic loading range to the p6int where sub-
sequent load cycles produce no increase in the plastic distortionso For 
loading ranges greater than the shakedown vaJue, the elastic loading range 
cannot be sufficiently increased and the force redistribution which 
accompanies plastic distortion at one hinge or group of hinges tends to 
increase the plastic distortion at other hinges during subsequent loading 
cycles. As a consequence, the plastic distortions and the displacements of 
the structure increase indefinitely. 
While for the sake of clarity most of the examples presented 
have involved planar structures, the analysis process is equal 1y appJ icable 
to space structures for which an interaction of several force components 
occurs at the plastic hinges. Furthermore, because the computer program 
which performs the analysis is written in the POST language, itis rela-
tively easy to modify and extend. 
6.2 Suggestions for Further Study 
The objectives of further investigation should be to extend the 
capabil ities of the analysis process developed herein, to incorporate the 
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analysis program into a comprehensive analysis system, and to use the 
analysis program to carry out investigations of various facets of the 
behavior of structures loaded into the inelastic range. Several possible 
important and practically feasible extensions of the process are the 
follow i ng; 
Member buck] ing should be included as a criterion in calculating 
the minimum load factor. The buckl ing criterion could be appended to the 
subroutine which calculates the load factors for al I potential plastic 
hinges in turn. As each member is considered, an additional load factor 
based on buck1 ing instabil ity of the member could be calculated. Then, if 
the minimum load factor corresponded to yield hinge formation, the critical 
yield hinge would be inserted, If, on the other hand, the minimum load 
factor was predicated on buckl ing instabil ity, the critical member would be 
removed from the structure and the analysis continued. 
It would be of considerable practical value to adapt the process 
to the analysis of structures with various types of elastic and semi-rigid 
connections. The concepts employed in deal ing with force releases and 
plastic hinges can be extended and appl ied to connections with various 
force-deformation characteristics, The force-deformation equations for 
an elastic member containing elastic connections at various cross-sections 
are derived in Appendix 8. Connections with non-l inearly elastic 
characteristics could be handled by piecewise 1 inearizing their force-
deformation curves and using famil ies of "yield surfaces ll corresponding to 
the discontinuities in the 1 inearized curves. The elements of the matrix 
C in Eq. (B.3) of Appendix 8 would then correspond to the appropriate 
segments of the .1 inearized force-deformation curves. Elastic-perfectly 
plastic connections could be handled by a combination of the procedure 
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developed in Appendix B and the previously discussed yield surface con-
cepts. 
Because of the increasing structural use of materials such as 
high strength steels and aluminum which have markedly non-l inear stress-
strain diagrams in the working range, the analysis procedure should be 
extended to embrace non-l inearly elastic materials, Such materials could 
be treated by a very similar procedure to that suggested for non-l inearly 
elastic connections. The stress-strain diagram for the material could 
be piecewise 1 inearized, and the members subdivided into regions for which 
the str"ess level corresponds to the different segments of the] inearized 
diagram. The procedure is compJ icated, however, by the fact that the 
boundaries between the various stress levels are in genera] complex and 
irregular. The boundary between regions of a flexural member corresponding 
to two 1 inear segments of the stress-strain diagram for a non-linearly 
elastic material, is shown schematically in Fig, 6.1. It is suggested 
that a detailed study be carried out to obtain a simple procedure for 
approximati,ng the force-deformation characteristics of such regions, 
including provisions for partial yielding at a section and for propagation 
of the yield hinge,along the member. 
The merits of using plastic hinge distortion: as afa·iJure 
criterion should be further .investigated with a view to incorporating 
this criterion into the analysis process. 
A further extension which would be of considerable practical value, 
but which would be extremely complex, is the implementation of a failure 
criterion based on buckl ing instabil ity of subassemblies. 
The analysis process should be also extended to permJt ultimate 
load analysis for reinforced concrete structures. This facil ity would 
99 
requ ire the replacement of the yield surfaces presented in this study by 
similar surfaces representing the ultimate capacity of reinforced 
concrete sectionso Since overall structural behavior is insensitive to 
variations in yield surface shape, surfaces which approximate the inter-
action surfaces for different types of concrete members could satis-
factorily be used. A failure criterion based on rotational capacity at 
yielding sections would be even more important for concrete structures 
than for metal ones. 
As has been demonstrated in most of the examples presented, it 
is imperative that the elastic-plastic analysis process be extended to 
include the effects on the structural behavior of changes in the geometry 
of the loading due to deflections of the structureo 
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z 00 I+C/4 
p ;;:: (~O)(l - 1~~2) 
(O)l 2 .2) ;;:: 2 ° 0 ~ a-a +t:3-l) 
(L)(~) ;;:: 00 I+C 
Yield Surface Expression 
+ Lt+C r;-::z 
p 4+2 C mz -.j 1 - t :: 0 
(4+C)m F];m ~m 2 
-j--2";;;;'z - 2 1 -~ + (p~ + I - ---A -I) Ie = 2+C 
I _ t ..j 1 - tL. \' 1 - t 0>j I - t 
/~ ( ~)2 2 2 myVl-t + p(1+C/2)-CI2 -.jl-t mz+t 
Table 1 Continued) 
V1 
\.D 
EQUATIONS FOR APPROXIMATE LOWER BOU/\j[j\lIELD SURFACE ELEMENTS 
I-Section (Continued) 
Surface 
Element 
4 
5 
Neutral Axis 
Position 
y 
W-1 
z \m YH 
Il\~ 
~ 
y 
~ 
Z'ili! m 
~w 
Norma 1 i zed 
Force Parameters 
( a )( o.+I!tYC) P = ,a
O 
I - 1+C/2 
( a ) 2 2 m ::: 2 - (Lt+!3-a -t5 ) y aO 
m = (~)(a-~YC(I-Y)) 
Z 00 I+C/4 
Y = a-1/2 
a-IS 
p indeterminate 
my (ala O) 
m indeterminate 
z 
Yield Surface Expression 
(2+C/2)m -c0 -J(C2-12)(I-t 2)+(12m -(4C+C 2)mri::2 
z . y z 
+(4+C)2m;+3~(C+2)2 + (S4C(I_t2)3/Z_S4my(l_t2l)1 
r. GJ; 2 212 L (4+C)mz-2C~I-t + V(C -12) (I-t )+(12my-(4C+C )mz~l-tL 
----::---~---:-. 2 
+ (4+C)2m2+3p2 (C+2)2 I = 0 
Z .J 
m
2 + t 2 y 
Tab 1 e 1 (Cont i nued) 
0--
o 
EQUATIONS FOR APPROXIMATE LOWER BOUND YIELD SURFACE ELEMENTS 
Thin Walled Circular Section 
Fully plastic stress resultants: A cross-sectional area 
0"0 
= (J A = -- r o 13 
Surface 
Element 
Neutral Axis 
Pos i t ion 
y 
ical Yield Surface 
Surface 
Element 
+ 
p 
Normal ized Force 
Parameters 
1 _ 2~) 
n at cos e 
in Q sin e 
Id Su ion 
n 
Yield Surface 
+m 2 _ (1- )si ~ (1 
ion 
) = 
CJ'\ 
Surface 
Element 
J 
2 
3 
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COMPONENTS OF OUTWARD NORMAL TO YIELD SURFACE 
SOLID RECTANGULAR SECTION 
Components of Normal Vector 
2 214 1.2P+ Nj = ~.::: J. 2p -~- .9 (m +m ) op y z I-t 
O<P 
t(2 -
1 1.2p+.9(m +m ) ) N2 .8E- I 'i. Z "" at == (1_t 2)3/2 - )-2-l-t 
N3 
0\11 o9(P - p) .. .45m == Om == Z 
Y 
N4 == o~ == .9(P - p)-
.45m ornz y 
N] = 2p 
N2 == t(2 -b) 
1-t 
N3 == 1.5 m y 
-07 N4 = l-t 
Nj = 2p m 
N2 
y 
= t(2 - J::2 ) 
N3 =p-
N4 == 1.5m Z 
Table 2 
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COMPONENTS OF OUTWARD NORMAL TO YIELD SURFACE 
Thin Wal led Rectangular Section 
Surface 
Element 
2 
N
J 
N2 
N3 
N4 
0<P 
:::: op ;:;: 
+ 
+ 
0<P 
=-= om y 
oil? 
=-= om 
z 
Nl 
Components of Normal Vector 
+ 
(1+C)2 
) (2 
)2 
Table 2 
1 + 
)J-l -
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COMPONENTS OF OU NARD NORMAL TO YIELD SU RFAC E 
Thin Wal led Rectangular Section 
Surface 
Element 
3 
4 
5 
Components of Normal Vector 
N I == fE. (1+C) 2 C 
m 
N2 = t (C+2) (2 _. -1L.. ) [J:;l 
N3 :::: (C+2) p 
2m 
(c+1) 2 N4 -~ .. C 
Nl ::: 1 
N2 ... t/~ 
N3 = 0 
N4 == (c-8:) I (C+l ) 
N] :::: I 
N2 == tiP 
N3 ::: (C/2+ 1) I (C+ I) 
N4 "" 0 
Table 2 (Continued) 
165 
COMPONENTS OF OUTWARD NORMAL TO YIELD SURFACE 
I-Shaped Section 
Surface 
Element 
3 
Components of Normal Vector 
N 2 
- : 0<£ '" 0 
N3 om 
y 
.:: (4+C) / (4-l 2C) 
N3 
~ (2+2C)0 - (4+2C)p 
= P 
I -2mylJl - t"'1 
N4 :::: (4C+c 2);;7 
N = 1 (1 +C/2) (p (2+C) -p) 
N2 
r 2 PC(I+C/2)-m J = t L2-C /2 + ~ y 1- t 
N3 =0 
- 2 N 4 :::: 2m
z 
(1+C/4) 
Table 2 (Continued) 
1Gb 
COMPONENTS 0F OUTWARD NORMAL TO YIELD SURFACE 
I-Shaped Sect ion (Cont inued) 
Surface 
E!ement 
4 
5 
Components of Normal Vector 
_~ (C+2)2 I I08(I-t Z ) (C{I-t7 =m ) -; 
N -- 5p - - Ll + " Y I 
I square root (denominator») ~ 
,-----. 
(6m -(2C+C 2/2)m )/Vi-t 2 
N.'J- t ~_C_ + (C 2-l2) + . y z 
'LJj:;! (square root) 
2 2 2 3/2 IOBm -162C (I - t) I 108 (m (I - t ) -c (I - t ) )} 
+ Y + t y 
(denominator)2 (denominator)3 
N.., = 
) 
2C 2 (6m - (2C+C~/2m )/~ -
{ (C - J 2) + Y z 1 i ~ (square root) )...J 
!2 r- I?l 2( ) J08(I-t 2) (M-rn) -
-tfI/ I-t L'J'J l-t"- _Square root_ + . Y I I 
(square root) 2 'j (denom i na tor) (denom ina tor)J ....I 
N -4 
2 I? 2 C2 G 
_ l080_-,t ) (CYI-r~'my) ~,-(4+C)+(4+C) m
z
-(2C+r-h'l-t"-
(2+C/2) -' -
(denominator)) L (square root) -' 
r---
(4+C) 2m - (2C+C 2/2 )'V'I-t 2 
_ __ ____ =z _____________ _ 
(5 qua re root) 
N
J 
= 0 
N2 == 2t 
N3 =: 2m y 
N =: 0 4 
Table 2 (Continued) 
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COMPONENTS OF OUTWARD NORMAL TO YIELD SURFACE 
Thin Walled Circular Section 
Surface 
Element Components of Normal Vector 
N3 = .aL. = am y 
N4 = a~/am 
Spherical Yield Surface 
Surface 
Element 
I 
NI 
N2 
N3 
N4 
== 
:: 
== 
== 
2p 
2t 
2m y 
2m 
z 
(I - ".0 . 
-~p 5! 
2m y 
== 
z 
Components of Normal Vector 
Table 2 (Conti I) 
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External Loading Increment 
Membe r Load (3) 
Member Load (4) 
-11.104633 -11.104633 
9.994170 -11.104633 
Member Force (I) -11.309364 
Member Force (2) ... 2.412203 
Member Force (3) -10.899902 
Joint Reaction(3) 3.522648 
Jolnt Reaction(4)- 2.412196 
Joint 
3.522648 
10 .. 899902 
... 2.412196 
1 L 309364 
)0.899902 
DispJacement(I)- .6J2853 -
Joint 
.001131 
DispJacement(2)- .62J095 "" .00J090 
Minimum Factor o. 
Critical Plastic Hinge Location 5 
Critical Member 2 
Critical Yield Su Element 1 
Yie1d Su Normal Vector -.061 
Modification of Critical Member: 
.014175 -.762513 30.50053 
• 762513 ., 065687 
.500538 -7.835827 938.43 
-2490892241 
225.324514 
-)72.825483 
64. 138965 
.0) 
.025790 
-.998134 
Initial Sti Matrix: 
tion of Force Vector at Critical Plastic Hinge 
Member -H. 30 I 
Member Force 2" 1 10. 161 
r Force ..,10 9551 .., 2. J 
Joint Reaction 3.5014]4 11.254J05 -1750 
Joint React 2,,391 1009551 59.968199 
Joint Displacement 1 ) ,,000019 .001 j eOJ1J37 
Joint Disp1acement ) ,,684914 ,,001096 18 
astic Hinge Distortion ) .000102 0.,0 
Je 1 - Results for Analysis Cycle 
Table 3 
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External ing Increment 
Member Load (3) 
Member Load (4) 
Member Force (1 ) 
Member Force (2 ) 
Member Force (3) 
Joint Reaction (3) 
Joint Reaction (4) 
Joint Displacement (I) 
Joint DispJacement (2 ) 
Plastic Hinge Distortion ) 
Minimum Load Factor 
Critical Plastic Hinge Location 
Critical Member 
Critical Yield Su Element 
-110935951 
10.742356 
-11.893 
- 2. 
-11.978J67 
3. 
"" 2. 
2 
1 
-11.935951 0.0 
-11.,935951 0,,0 
3.686063 880083 
IJ.978167 -249.946064 
- 2.492491 249,,946058 
11.893 197,,447449 
JL J 49" 152814 
.00 1 
.0011 .032127 
o 0 
Yield Su Normal Vector 0.0 .9981 
Modification of Critical Member: 
r9910261101 "'. J 47878 
L:42. 903776 
"".147878 
.006400 
.903776l 
.. 006400 I 
L856995J 
.,,620 .. 6091 
1 .06762 
Reduction of Force Vector at Critical Plastic Hinge 
Member Force ( i -lie 3. 
Member Force (2 ... 2. iL 
Member Force (3 -1 Ie "" 2 .. 461134 
Joint React ion 3. 11. 15 
Joint Reaction "" 2. 1134 lL 
Joint Displacement J) .911 J .. OOi J 
Joint Displacement ) 0922664 om .00)194 
P J as tic Hinge Distortion ) 0,,0 
Plastic Hinge Distortion ) .001366 O@O 
Example J - Results for Analysis Ie 2 
Table 3 tinued} 
ing Increment 
r load (3) 
Member load (4) 
Member Force (} 
Member Force (2 
Member Force (3 
Joint React ion 
Joint Reaction 
Joint Displacement 1) 
Joint Displacement ) 
Plastic Hinge Distortion 
Plastic Hinge Distortion 
Minimum Factor 
Critical Plastic Hinge location 
C r i tical 1 Membe r 
Critical Yield Su Element 
Yield Su Normal Vector 
Modification of Critical r 
-160396791 
1 112 
-16 .. 396065 
"" 2. 1 
-16" 
3 
- 2. 
"" J. 
.,. 1..2 
1 
3 
2 
j 
-16.396791 
160396791 
3.871 7 
16" J6 
- 20 
16" 
J6 
.001 
0001 
o 0 
0.0 
Force Vector at Critical Plastic Hinge 
MfI"!ll[UlIfI"!r Force 
Membe r Force 
Member Force 
Jo i n t Reac t ion 
Jo i n t Reac t ion 
Joint Displacement I) 
Joint Displacement ) 
Plastic Hinge Distortion 
Plastic Hinge Distortion 
Plastic Hinge Distortion 
Ie J - Results for Analysis Cycle 3 
le 3 ti 
0.0 
0.0 
External loading Increment 
Member load 
Member load 
Member Force 
M~Ill[]l!'!r Force 
,·.= ......... ,,:;r Force 
Joint Reaction 
Joint Reaction 
Joint Displacemen 1) 
Joint Displacement ) 
Plastic Hinge Distortion 
Plastic Hinge Distortion 
Plastic Hinge Distortion 
Factor 
) 
) 
) 
Minimum 
Critical 
C r i t i ca 1 
Critical 
Yield Su 
Plastic Hinge location 
Member 
Yie1d Su Element 
Normal Vector 
Modification of Critical Member 
Member 2 
Member 1 
M~nDlIIll!r 3 
- Does not exist 
become uns 
1 e te Co 11 aps New Problem 
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.01 
4 
2 
] 
""16. 
-16. 
Removed rom tructu 
le 1 Results r Analysis le 4 
3 tinued) 
0.0 
0.0 
Plastic 
Member Hinges 
1 0 KBB 
M 
KBB 
1 
N4 
0 KBB 
2 KM 
B 
1 
Nl 
3 0 K8B 
1 
~~--~~ 
I-Shaped Section Spherical Yield Surface 
1475.0 0.0 OoQ 1475.0 0.0 0.0 
000 8.083333 - 485.0 0.0 80083333 - 485.0 
0.0 ~485.0 38800.0 000 -485.0 38800.0 
1121.285782 40.375161 -3230.012939 1427.897034 160626561 -1330.124893 
40.375161 3.474659 - 1 1 6 0 306030 16.626560 2.214435 - 150488106 
-3230.012909 =116.306030 9304.482666 = 1330.124893 = 15.488102 1239.048340 
- .944696 000 - .327947 - .681612 0.0 - .731714 
737.5 0.0 0.0 737.5 0.0 0.0 
0.0 1.010417 - 121.25 000 1.010417 - 121.25 
000 -121.25 19400.0 000 -121.25 19400.0 
728.684662 1 .483298 .000008 737.047279 .338064 .000006 
1.483298 .760832 - 121.25 0338064 .757968 - 121.250001 
0000012 -12'1025 19399.999756 .000004 =121.250001 19399.999756 
= 
.239772 0.0 .736188 . - .073191 0.0 .997318 
, 
147500 0.0 000 1475.0 0.0 0.0 
000 80083333 -485.0 0.0 8.083333 ~485.0 
000 -485.0 38800.0 0.0 ~485.0 38800.0 
-- -.---~---- ------~- -
Example 3 = Member Stiffness Matrices and Yield Surface Normal Vectors 
Table 4 
'-J 
N 
Plastic 
fvlember Hinges 
M 
KBB -
1 
N2 = 
3 
KM 
-BB 
2 
N3 -
'-----,-,-- '----.-_-
-
I-Shaped Section Spherical Yield Su 
1 121 .285782 = 40.375161 3230.012939 14380868637 = 14.617819 1 169. LI·25568 
40.375161 3.474659 =1'16.306030 = '14.617819 2, 1693 LI-0 = ] 1 .880489 
3230.012909 =116.306030 9304.482666 1169.425568 - 11.880489 950.438965 
-
. 94L~696 0.0 .327947 = .630705 0.0 .776023 
1038.289673 = 490848860 2990.931549 14260204880 = 19.525642 1159.133224 
49.848860 2.393271 =143.596279 = 19.525643 .267318 = 15.869267 
2990.931519 =143.596279 8615.777100 1 1 59. 1 33240 = 15,869270 942.074707 
.944696 0.0 = .327947 = .638731 0.0 -. 769430~ 
--------------.--~.---.-.----
Example 3 - Member Stiffness Matrices and Yield Surface 
Normal Vectors 
Table 4 (Continued) 
'-.J 
\.Al 
APPENDIX B: 
FORCE-DEFORMATION RELATIONSHIPS FOR A 
MEMBER WITH ELASTIC CONNECTIONS 
Me m be r A B show n i n Fig, B, 1 i s con sid ere d , The mem b e r i s loa de d 
by external loads PJ appl ied at cross-sections J, and by end forces RAB 
and RBA " A series of elastic connections is assumed at cross-sections K, 
While such connections would normally be used only at the ends of members, 
the method is app1 icab1e for any position, 
Under the action of the specified loads, the member distortion 
V • fl' d . 'VE d d' . VC d h BA cons IStS 0 e ast!c Istortlon SA' an !stortlon BA .ue to t e 
deformation of the connections, Compatibil ity requires that: 
Distortion v~A can be expressed in terms of the deformations of the 
connections as follows: 
= 
where NC = number of connections, 
VC = deformation vector at any connec t ion K. K 
The force vector RK at any connection can be \lvritten: 
(8,3) 
where CK = a diagonal matrix where ell is the slope of the force-defor= 
mation curve for the Ith force component at the connection, 
The force-deformation diagrams for various connection types 
can either be calculated or obtain experimental 1y, 
174 
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The force vector at B, defined in terms of the elastic member 
distortion and the cantilever deflection UBA , is: 
(3.5) 
Solving Eq. (B.1) for V~A' and substituting the resulting equation and 
Eq. (B02) into Eq. (3.5) gives: 
(B. 4) 
Using Eq. (B.4), the force vector at any connection I can be written: 
(B. 5) 
where NI = number of loads PL on member segment lB. 
Substituting Eqo (B03) into Eqo (B05), rearranging, and considering each 
connection on the member: 
t t t r~n (C1+T j BKBB T1 B) T1BKBBTIB T1 BKBB T NC B 
t t t 
VC T IBKBB T 1 B ---(CI+TISKBBTIB)-TIBKBBTNC B 
. I 
t t (CNC+TNCBKBBT~CB) ·C T NCB KBB T 1 B T NCBKBB T IB -- VNC 
(B. 6) 
+ 
176 
For convenience, designate the first matrix in Eg. (B.6) by 
M = E=l, and define: 
And: 
Q = 
Nl 
L: T P 
L=l IL L 
NNe 
L~lTNCLPL 
(B.8) 
Then, Ego (B.6) can be solved for the deformations of the connections to 
give: 
Finally, substitution of Ego (B.9) intoEq. (804) yields the force= 
deformation relationships for the member: 
(8. 1 
It can be seen from Eq~ (B.IO) that the force deformation 
equations for a member with eJastic connections at one or more cross-
sections are very similar in form to those for a member with either releases 
or yield hinges. 
177 
It is possible to develop simil~r relationships for a member 
with a combination of releases, elastic connections, and yield hinges. 
178 
z 
A K J B 
x 
y 
Fig. B.1 
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